CONVERGENCE AND ENERGY CONSERVATION OF THE
STRANG TIME-SPLITTING HERMITE SPECTRAL METHOD FOR
NONLINEAR SCHRODINGER EQUATIONS*

MARCO CALIARI} GERHARD KIRCHNER AND MECHTHILD THALHAMMER?

Abstract. In this paper, we consider nonlinear Schrédinger equations and deduce a second-
order error bound for a Strang type time-splitting Hermite spectral method; furthermore, we study
the energy conservation of the time discretisation. In particular, our analysis is applicable to the
Gross—Pitaevskii equation

iR U(z,t) = (_ 22 A 4 U(z) + Ai2aN \\p(z,t)F) (x,t), xR t>0,

that arises in quantum physics as a mathematical model of a Bose—Einstein condensate. Numerical
examples illustrate the theoretical results.

1. Introduction. In the present paper, we study the convergence behaviour
and energy conservation of time-splitting Hermite spectral methods for nonlinear
Schrodinger equations. Our main objective is to provide an error analysis for a Strang
type [18, 23] time discretisation of the d-dimensional Gross—Pitaevskii equation (GPE)

P70 W(x,t) = ( — A4 U(x) + e |\1/(a:,t)]2) U(z,t); (1.1)

the solution of (1.1) is subject to asymptotic boundary conditions on the unbounded
domain and an initial condition. The GPE arises in quantum physics for the descrip-
tion of a Bose—Einstein condensate, see [10, 11, 17]; ¥ denotes the wave function of a
boson in the condensate, i Planck’s constant, m the mass of a boson, a its scattering
length, N the total particle number, and U an external potential. We show that the
Strang type time-splitting method retains its classical order for the GPE (1.1) involv-
ing a quasi-harmonic potential U, whenever ¥ fulfills suitable regularity requirements.

Due to their favourable properties regarding accuracy, efficiency, and geometric
behaviour, time-splitting spectral methods are widely used for the numerical solution
of nonlinear Schrédinger equations; we refer the reader to the works [2, 3, 4, 5, 9, 16,
20, 19, 22, 24] and the references therein; see also [12, 15] for detailed information on
splitting methods. However, so far, it remains open to provide a convergence analysis
of high-order splitting methods when applied to stiff nonlinear problems.

For linear evolutionary Schréodinger equations, a second-order error estimate for
the Strang time-splitting Fourier pseudo-spectral method is proven in JAHNKE AND
LuBICH [13]; in THALHAMMER [21], a stability and convergence analysis is given
for exponential operator splitting methods of arbitrary order. The recent work LU-
BICH [14] is concerned with error bounds for a Strang type time-splitting Fourier
spectral method when applied to the Schrédinger—Poisson and the cubic nonlinear
Schrodinger equation, respectively.

In the present paper, we extend the approach of [13, 14, 21] and provide a stability
and convergence result for Strang type time-splitting Hermite spectral discretisations
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of nonlinear Schrédinger equations; moreover, we deduce a bound for the drift in the
energy. The considered numerical scheme is defined by four coefficients, which we
assume to satisfy the classical second-order conditions. In particular, our analysis is
applicable to the Gross—Pitaevskii equation (1.1) involving an unbounded harmonic
potential. Our proofs primarily rely on elementary techniques; we employ a Hermite
spectral decomposition, the (linear) variation-of-constants formula, and, of course,
taylor series expansions; further, results from functional analysis such as continuous
embeddings are needed. For the convenience of the reader, several standard results
are reviewed in an appendix.

The present paper is organised as follows. We start by introducing several aux-
iliary abbreviations employed throughout, see Section 1.1. In Sections 2 and 3, we
restate the GPE (1.1) in a normalised form and further specify the time discretisation;
for the latter, it is convenient to rewrite the partial differential equation as an abstract
evolution equation. Our main results, a second-order error estimate with respect to
the norm of the Sobolev space H™ (Rd) and a bound for the error in the energy are
given in Section 4. Their proofs rely on a stability estimate and an expansion of
the local error; these auxiliary results are deduced in Sections 5 and 6. Additional
considerations are collected in the appendix.

1.1. Notations. In addition to standard notations, we henceforth tacitly employ
the following abbreviations, see also [1, 25].

For a multi-index p = (u1,...,uq) € Z%, the relation > is defined component-
wise; furthermore, we set |u| = p1 + -+ + pg. Partial derivatives with respect to
€= (&,...,&4) € R? are denoted by 9+ = 651 85’2‘1.

For any 1 < p < oo, the Lebesgue space LP (Rd) =LP (Rd, (C) is a Banach space
with associated norm ||-||z» given by

I fllee = (/}Rd ‘f(f)‘p dg) » , 1<p<oo, 1fllzee = esgseﬂigp’f(f)’ . (1.2a)

The Sobolev space W™P (Rd) comprises all functions with partial derivatives up to
order m > 0 contained in LP (]Rd); wm.p (Rd) is endowed with the norm

flwme = > No¥fll,,.  feW™P(RY). (1.2b)

pu=>0, |pl<m

In particular, we set H™ (Rd) = Wm2 (]Rd); we recall that the scalar product

(o= [ 1O5@ &6, fge BPRY,

renders H° (Rd) = [? (Rd) a Hilbert space. In view of our convergence result, we
introduce the subspace

Dy i(RY) = {ve B (RY) : 5Pve H"(RY) for 1<e<d),  (13)
where Eﬁk) (€) = & and thus (El(zk)v) (&) = €k v(€). The space of m-times continu-
ously differentiable functions is denoted by €™ (Rd); g (Rd) comprises all functions

in €™ (Rd) with bounded derivatives up to order m.
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The product of operators K : Hm(Rd) — Hm(Rd), 1 <5 < J, is defined
downwards

J J
HKj:KJ"'Kla J>1, HKj:I, J <1;
j=1

here, I denotes the identity operator on H™ (Rd). In view of our convergence proof,
it is also convenient to introduce the functions ¢; : C — C that are related to the
exponential

1
wo(2) = €7, p(z) = ﬁ/ i1 e-7)2 dr, j>1, zeC; (1.4a)
0
by means of partial integration the recurrence relation
gpj(z):%—i—zgpjﬂ(z), j>0, zeC, (1.4b)

follows.
If not stated otherwise, we do not distinguish the arising constants and denote
by C' a generic constant.

2. Nonlinear Schrédinger equations. In this paper, we study in detail the
error behaviour of a Strang type time-splitting method when applied to the Gross—
Pitaevskii equation. As regards existence and regularity results for nonlinear evolu-
tionary Schrodinger equations, we refer the reader to CAZENAVE |[8].

2.1. Gross—Pitaevskii equation. We consider the d-dimensional GPE (1.1)
on the unbounded domain, subject to asymptotic boundary conditions and an initial
condition; throughout, we employ the following normalised form of the equation

104p(E ) = (— LA+ V() +z9|¢(g,t)|2) BED.  EcRL 130,
- 2.1
Ay=> 702, >0, 1<j<d, (2.12)
Jj=1

see Section B.1. Here, we assume V : R — R to be a quasi-harmonic real potential,
that is, the following decomposition

d
V=3V, + W, V(O =) %, (2.1b)
j=1

is valid with a sufficiently regular function W; more precisely, for some integer m > 0
we suppose OHW € L*> (]Rd) for |u| < m. Moreover, we require ¥ > 0.

In order to introduce time-splitting methods for (2.1), it is useful to formulate
the partial differential equation as an abstract evolution equation for u(t) = ¢(-,t)

ul(t) = (A+B(u(t)))u(t), t>0,
A=—1i(-A,+Vy), B)=—-i(W+9?).

We note that the linear operator A : Dy, 2(R?) — H™(R?) is well-defined, see (1.3).
On the other hand, provided that v € H’ (Rd) with integer j given by

(2.2a)

j=1 ifd=1,m=0, j=m ifd=1,m>1,
j=2 ifd=2,3, m=0,1, j=m if d=2,3, m>2,
3
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it is ensured that the multiplication operator B(v) : H™(R?) — H™(R?) is well-
defined; this is a consequence of the continuous embeddings H*(R) C L*(R) as well
as H! (Rd) c LS (Rd) and H? (Rd) C L™ (Rd) for d = 2,3, see also Appendix B.3.

2.2. Particle number and energy conservation. For nonlinear Schrédinger
equations such as (2.1), the particle number [|¢(-, )% is a conserved quantity; thus,
it holds [[¢(-,¢)[|32 = [[v(-,0)||32 for any ¢ > 0, see Appendix B.2. Moreover, for the
GPE (2.1), the energy functional is given by

B(,0) = ((= 2, +V+30 [0 )ut.0ve0) o @23)

as shown in Appendix B.2, the energy functional is time-independent, that is, the
relation E(¢(-,t)) = E(¢(-,0)) remains valid for ¢ > 0.

3. Exponential operator splitting spectral methods. For the numerical so-
lution of time-dependent Schrédinger equations, exponential operator splitting spec-
tral methods are widely used; in particular, for the GPE, the favourable behaviour
of time-splitting pseudospectral methods has been confirmed in the recent works
[2,3,4,7,9, 19, 22], see also references given therein.

In the present paper, our objective is to provide a convergence analysis of a
second-order Strang type time-splitting method for (2.2). For detailed information
on a spatial discretisation of (2.1) by the Hermite spectral method, we refer to [6, 7];
several fundamental properties of the Hermite basis functions (.],) with associated
eigenvalues () are also collected in Appendix A.

3.1. Strang type time-splitting methods. Exponential operator splitting
methods for (2.1) and (2.2), respectively, rely on the fact that the initial value prob-
lems

V'(t) = Av(t), t>0, v(0) given, (3.1a)
w'(t) = B(w(t)) w(t), t>0, w(0) given, (3.1b)

can be solved numerically in an accurate and efficient way. On the one hand, employ-
ing a Hermite spectral decomposition of the initial value, it follows

v(t) = e u(0) = ZU“ e MM, >0, v(0) = Z%%, (3.1¢)
n p

see Appendix A. For a practical realisation of (3.1c¢), we truncate the infinite sum
and compute the coefficients v,, by means of the Gauss—Hermite quadrature formula;
further, we collocate the equation at the Gauss—Hermite quadrature nodes. On the
other hand, making use of the fact that the relation B(w(t)) = B(w(0)) holds for the
solution of (3.1b), see Appendix B.2, we obtain

w(t) = eB@O) 4(0) (3.1d)

as before, we collocate the equation at the Gauss-Hermite quadrature nodes.

We are now ready to state the time integration scheme for (2.2). For a constant
time-step h > 0 and a starting value uy, a numerical approximation u,, to the exact
solution value 4, = u(t,) at time t, = nh is given by the recurrence relation

hA hA _bihB(U,
Up = ey, 1, Uy =e®2hA nhBUD

L T B
4
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involving the real method coefficients a;,b; € R, j = 1,2. For instance, we choose

a; = % =as, by =1,bp=0and a; =0,a: =1, by = % = bg, respectively; in both

cases, the conditions for order two
a1 +ay =1, by +by=1, blal+b2:%, (32b)

are fulfilled.

We note that the numerical solution u,, remains well-defined in H™ (]Rd), provided
that the initial value uy and the potential W satisfy suitable regularity requirements.
More precisely, for d =1, m > 1, and for d = 2,3, m > 2, respectively, we require ug
to be bounded in H™(R?) and 0*W € L>(R?) for |u| < m; then, the bounds

=1, ||etB(v Secl(m,v)t’ t>0,

)||Hm<—Hm
Ci(m,v) = C’( max H@“WHLOQ + 9 ||v||§{) ,

|| <m

(S [Py

ensure that u, remains bounded in H™ (Rd) for all n > 1, see Lemma 1-2 and (B.4).
Otherwise, for d =1, m = 0, and d = 2,3, m = 0, 1, respecively, we assume ug to be
bounded in H7 (R?) and O*W € L>(R?) for |u| < j with j given by (2.2b); then, the
numerical solution is bounded in H’ (Rd) and in particular in H™ (Rd).

4. Convergence and energy conservation. In this section, we state our main
result, a second-order error estimate for the time-splitting scheme (3.2) when applied
to the GPE (2.2), and further a result concerning the energy conservation.

For the following considerations, it is convenient to introduce the nonlinear solu-
tion operator & and the splitting operator . that is defined by (3.2a)

Up = & (Up—1), Up = 7 (Un—1), n>1; (4.1)
we recall that the exact solution values are denoted by @,, = u(ty).

4.1. Convergence. In order to prove a convergence estimate for (3.2), we pro-
ceed as follows. By means of a Lady Windermere fan argument, that is, by adding
and substracting .#*(t,_¢) for 0 < £ < n, we obtain the following identity for the
global error

Up — ﬂn = y”(uo) — yn(ﬂo)

Y (HE i) - S S o)) mz0. P
£=0

In Section 5, we first derive a stability result for the Strang type splitting method (3.2)
that implies the bound

|75 @) = ZX@) | e < C o = T (4.30)

with a constant C' depending in particular on the quantities ||v||zs, ||| 74, te, ¥, and
on max {||[0*W /|~ : |u| < j}, see (2.2b) for the definition of j. Section 6 is then
concerned with a suitable expansion of the local error yielding

& @) — 7 ()| o < CHP, 0</l<n-—1; (4.3b)

here, we require max {[|0#W ||~ : |u| < j+4} and max {||u(t)||p,, : 0 <t < t,} to
be bounded. Estimating (4.2) by means of the above estimates (4.3), we obtain the
following convergence result.



THEOREM 1. For some m > 0 let j be defined through (2.2b). Suppose that
max {[|0"W||ge~ : |p| < j+ 4}, max{||lu(t)|p,, : 0 < t < t,}, and |lug|lps are
bounded. Then, the Strang type splitting method (3.2), when applied to the nonlinear
Schrodinger equation (2.2), satisfies the convergence estimate

= ol < € (lfuo =]l +47). m 20,

with a constant C' which in particular depends on t, and 9.
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Fic. 4.1. Left picture: Temporal order of a Strang type time-splitting Hermite spectral method

when applied to the one-dimensional GPE with V (§) = %52 +cos(2&). Error versus stepsize. Right
picture: Energy drift of a Strang type time-splitting Hermite spectral method when applied to the

one-dimensional GPE with harmonic potential. Error versus stepsize.

The above convergence result is illustrated by a numerical example for the one-
1

dimensional GPE involving the quasi-harmonic potential V' (§) = 5 £ + cos(2€). For
the space and time discretisation of (2.1), we choose 256 Hermite basis functions and
time stepsizes ranging from 273 to 27%. In order to determine the convergence order
of the Strang type splitting method (3.2) with a; =0, az = 1, and b = % = by, we
consider the time evolution of the ground state solution up to a final time ¢,, = 1. For
various values of the paramterer ¢, the numerically obtained temporal convergence
orders with respect to the norm of L? (Rd) are displayed in Figure 4.1 (left picture);
the slope of the dashed-dotted line is the expected convergence order two. We refer

to CALIARI AND THALHAMMER [7] for further details on the implementation.

4.2. Energy conservation. The energy functional E associated with (2.2) is
given by

E(v :(g—&—gv v‘v) ,
) 0 = (@+Be)e]o),, w
A=1(-A0+Vy), Bl)=W+39 .
see also (2.1) and (2.3). As shown in Appendix B.2, the energy is conserved in (2.2),
that is, for any initial value v € L? (Rd) it holds

E(&(v)) = E(v), £>0; (4.5)

the nonlinear solution operator & is introduced in (4.1). In order to estimate the
defect of the numerical solution E(u,) — E(ty), we add and substract E(&*(u,—))

6



[ t.=1 by =2 ty =4 tn =8 tn =16
d=1 0.7-10712 | 1.4.107'2 | 2.8 .107'2 | 5.7.10712 | 11.3 -10~*2
¥ =10 0.6 -10~' | 121071 | 2.4 .10 | 4.8 107! | 9.6 -10~ !
¥ =100 09-107 | 1.8 .107* | 3.7 .10~ | 7.3 .10~ | 14.6 -107 1L
Y =1000 || 0.1 -1071% | 0.3-10719 | 0.6 -107%° | 1.2 -10710 | 2.5.10710

TABLE 4.1
Energy drift of a Strang type time-splitting Hermite spectral method when applied to the one-
dimensional GPE with harmonic potential. Dependence on the final time tn,.

for 0 < ¢ < n — 1; this yields

E(uy) — E(tig) = E(uo) — E(to) + i E(& (un—r)) — E(E" (un—-1)) .
£=0

Further, by applying relation (4.5) and u,,_¢ = . (up—¢—1), we obtain

n—1

E(uyn) — E(tg) = E(uo) — E(tlo) + Y E(S (un—r-1)) — E(E(un—r-1)),  (4.6)
=0

see also (4.1). A brief calculation yields the relation
E(w) — E(w) = (A(v—w) |v),, + (Aw ‘ v— w)L2

+ (E(U)v — B(w)w ‘ v)L2 + (E(w)w ‘ v — w)L2 ,
where B(v) v—B(w)w = Ww—w)+39 (o +vw) (v—w)+ 1 dw? (v — w), see (4.4).
Similar considerations as in Section B.3 and the inequality of Cauchy—Schwarz thus
imply the estimate

|E(v) = B(w)| < Cllv—wlp,, (4.7)

with a constant C' depending in particular on |[W||ze, |[v|]p,., |w| Dy, and 99, see
also (1.3). We note that .#'(v) € HI(R)N Do 1 (R?) provided that v € H7 (R?) N Dy
and O"W € L>*(R?) for |u| < j with j defined by (2.2b) for m = 0. Moreover,
provided that max {[|0*W||p~ : |u| < j+ 4} and max {|lu(t)||p,, : 0 < t < t,}
are bounded, the analogue of the local error estimate (6.8) is valid in Dy 1 (R?). As
a consequence, by applying the above bound (4.7) to (4.6), we obtain the following
result.

THEOREM 2. Let j = 1ifd =1 and j = 2 if d = 2,3, respectively. Sup-
pose that max {||0*W ||~ : |u| < j + 4}, max{|u(®)|p,, : 0 < ¢t < tn}, and
max {||uo| s, |[woll Do, } are bounded. Then, the estimate

|Eun) = E(@o)| < C([Juo = Toll s + luo = ol p, , +tah?),  n20,  (48)

is valid for the Strang type splitting method (3.2); the constant C' in particular depends
on 1.



In order to illustrate Theorem 2, we consider the GPE (2.1) in one space dimension
with harmonic potential V' = V,; similarly to before, for different values of ¥, we inte-
grate the ground state solution up to ¢, = 1 by the Strang type splitting method (3.2)
with 256 Hermite basis functions and time stepsizes ranging from 1.5-1073 to 2-1072.
The energy drift | E(u,)— E(tuo)| is displayed in Figure 4.1 (right picture); the dashed-
dotted line corresponds to the expected slope two. The linear dependence of the above
bound (4.8) on the final time ¢,, is confirmed by Table 4.1, where we display the quan-
tity |E(un) — E(tp)| for t, = 27, 0 < j < 4, and a fixed time stepsize h = 271%; in
accordance with the theoretical result the energy drift increases by a factor two.

5. Stability. In this section, we are concerned with deriving a stability result
for the Strang type splitting method (3.2); to this end, we consider

bohB(V, hA _bihB(V, _ hA
y(vn—l) =e” (Vn2) Ve, Vg = €2 e’ (Vo) Vot s Vol = e o, »

~ bohB(Vp2) 17 ot hA _bihB(Vyp1) 17 ot hA ~
y(vn—l) =e? (Vaz) Voo, Voo = e?? et (Vn1) Vo, Vil = et Un—1-

With the help of the bounds for e'4 and e*Z(*) that are given in Appendix B.3, we
are able to prove the following result.

THEOREM 3. Suppose vn_1 and Upn_1 to be bounded in HY (]Rd) and assume
"W € L™ (R?) for |u| < j, where j is given by (2.2b). Then, the bound

[ (0n-1) = L @n=1)]| g < € [0n—1 = Tp—1llErm

holds with constant Cy = |b1| Cs5(m, Vnhffnl) + |b2 Cg(m,VnQ,YN/nQ), see Lemma 2
and 3 for the definition of Cs; in particular, the quantitity Cy depends on ||vn_1|| g7,
[On=1llzi, ¥, and max {[|O*W || : [u| < j}.

Proof. In order to estimate . (v,—1) — . (Un—1), we repeatedly apply Lemma 1
and 3 to obtain
Hy(vn—l) _ y@n—l)HHm < elb1lh Ca(m Va1, Vaa) +b2] h C3(m, Vi, Virz) V1 — Tt || -
Clearly, for d = 1, m > 1, and d = 2,3, m > 2, respectively, the quantities
Cs(m, V1, Var) and Cs(m, Ve, Via) are bounded, provided that v,—; and v, are
bounded in H™(R?) and O*W € L>(R?) for |u| < m. For d = 1, m = 0, and
d=2,3, m = 0,1, respectively, we first derive the corresponding estimate in H’ (Rd)
with integer j > m given by (2.2b); then, the specified bound with respect to the
norm in H™ (Rd) follows. O

6. Local error. In this section, we are concerned with deriving a suitable rela-
tion for the local error d,, = &(Up—1) — - (n—1) of the exponential operator splitting
method (3.2) under reasonable requirements on the exact solution of the nonlinear
evolutionary Schrodinger equation (2.2); our approach is in the lines of [13, 14, 21|. In
order to write the resulting relation for the local error in compact form, it is convenient
to introduce several abbreviations.

6.1. Exact solution. Our main tool for expanding the exact solution value u,, =

& (Up—1) is the variation-of-constants formula

U(ty_1 +75) = e Uy

75 (6.1)
+ / 7T A Bu(ty 1 + j41)) ultn—1 + T41) A7y -
0

8



More precisely, we repeatedly apply the above relation (6 1) to Up = u(t,—1 +h); step
by step we obtain U, = A, 1 + R1 =elhAg, 1+ Il + RQ which finally yields

o~

Uy =" Uy + I + I + Ry (6.2a)
here, we employ the following abbreviations
fi(r) = " AB(ulty-1 + 1))
fg(ﬁ, Ty) = ﬁ(ﬁ) emi=7m2)A B(u(tn—1+72)),
Gu(r1) = fu(m) e A hn1,  Galm,m2) = falry, ) e A Ty,
Ar=[0], Ay={r=(n,m) R :0<m<n <hl, (6.2b)
Ag={r=(m1,72,73) €ER*: 0< 13 <1 <7 <h},

Ik:/ Gu(rydr, Be= [ Fum ultes+75)dr.
Ak Ak

Under the assumption that the exact solution is bounded in H7 (Rd) and that the

potential satisfies OYW € L (Rd) for |u| < j with j given by (2.2b), the remainder R3
fulfills the bound
=

I < OB,

see Lemma 1-3; in particular, C' depends on the quantities max {||8“WHL0c | < j},
maX{”u(t)HHj i1 <t < tn}, and on 9.

6.2. Numerical approximation. An expansion of the numerical approxima-
tion . (U,—1) that resembles (6.2) is obtained by means of the recurrence relation (1.4)
for the ¢-functions and the algebraic identity

J J
H (K; + L) HKg+Z HKKL H (K¢ + Ly) (6.3)

j=1 j=14=75+1

<

that is valid for operators K;, L; : H™ (Rd) — H™ (Rd), 1 <35 < J. In order to make
use of a recursive procedure, we further introduce the nonlinear operators

; )
Fj(Un) = [[ e PO e A m, 1, j=12,  H=1,
=1 (6.4)

Unl — ealhA an—l , Un2 — eazhA eblhB(Unl) Unl ;

clearly, it holds (u,—1) = S(Up—1). In a first step, by means of the identity
e?ihBWUni) = I +b;hB(Uy;) ¢1(bjhB(Uy;)) and (6.3), we obtain

2
Y(ﬁn,l) = H (eajhA + thB(fjnJ) ©®1 (bth(ﬁnJ)) a]hA) Unp—1
7j=1
=M, (6.5)

+ hz bj e(l_cj) hA B(ﬁnj) ©®1 (bth(Unj)) eajhA %,1(ﬁn,1) s
7j=1
9



where ¢; = a1 and ¢2 = a1 + as = 1, see (3.2b). We next replace .7 (,—1) by the
analogue of (6.5)

A Z (Ty_1) = AUy + hby €M B(Up) 1 (01hB(Un1)) €4 G,y
and apply (1.4); this finally yields the expansion
S (Up—1) =" U1+ Q1+ Q2 + R3 (6.6a)
which involves the following sums
Q= h(b1 e®2hA B(T,1) €4 4 by B(Uns) ehA) T
Qs = L 12 (bf ®2hA B(T0,1)2 MM 4 2b1by B(Upo) €224 B(U,1) e (6.6b)
£ 02 B(Up)? ’““) T
and further the remainder
Ry = h? (bi’ 2" A B(T,1)2 g5 (byhB(Upy)) €A
+ 02b B(Una) 2" B(Up1)? 2 (b1 hB(Uypi)) €4
+ 0162 B(Un2)? 92 (b2h B(Uya)) €2" B(Up1) 1 (b1hB(Un1))
x €M L8 B(Un2)? 03 (bshB(Ur2)) hA) Bin1.

(6.6¢)

Similarly to before, by Lemma 1-3 and relation (B.4), we obtain the bound

|Bs|,,. < C 13

sz

with a constant C' depending on max {||0*W ||z~ : |u| < j}, 9, and further on
max { [[u(t)|| g : tny <t <t}

6.3. Local error expansion. The above expansions (6.2) and (6.6) imply the
following relation for the local error

2
dy = E (1) — S (n-1) = Y (I — Q1) + Rs — R, (6.7a)

In order to expand the local error d,, further, we make use of the fact that the sum Q
is related to a quadrature formula approximation of the integral Ij; more precisely,
we rewrite (6.7a) as follows

2 2
dn = S3+ S5+ R3 — Ry, §3:Z(fk*@k), Z Qr—Qr), (6.70)
k=1 k=1

where @1 and @2 are defined through
@1 =h (61 et B(u(tn,l + alh)) e A 4 p, B(u(tn)) hA) Up_1,
Gy = 11?2 (b% M4 B(u(t, 1 + arh))’ emh4
+2b1ba B(u(ty)) e B(u(tn_1 + aih)) e® "4

+ 83 B(u(tn)* ") G
10

(6.7¢)



With the help of the abbreviations introduced in (6.2) and additional coefficients
a11 = gy = 1 and ag; = 2, the first sum S5 in (6.7b) takes the compact form

h 2
So= [ (- X b diten ) an
0

A=1
h p7m1 2\
+/ / <§2(71,T2) - Z Z Qx s O 0, §2(C,\1h,cx2h)) drydry .
0 Jo =1 Ap=1

Employing Taylor series expansions of g1 and g about zero and applying the order
conditions (3.2b), we obtain

h 1 2
S = / / (1-0) <712 02G1(om) —h2 Y by 3,025 (Uc,\lh)> do dry
0 0

A=l
h T1 1
+/ / / <713¢1§2(071,07'2)+T23r2§2(071,07'2)
0 7o o (6.7d)
2 A
—h Z Z [65¥P Y b)\lb)\2 (C,\la-,—l/g\g(UC)\lh,UC)\zh)
A1=1Ao=1

+ 2, 0r, G2(0 xRy oCy, h))) do dre dry ;

the derivatives of g;(7) are determined in Section B.4. Regarding the second sum Ss
in (6.7b), it is seen that Qr and @y only differ in the arguments of B. More precisely,

Qr — Qi can be rewritten in such a way that each term involves a difference G;(h)
where

G,(1) = B(u(t,kl +¢j T)) — B(ﬁnj(T)) , ji=1,2; (6.7¢)

here, we consider ﬁnl(’]’) = en74 3, 1 and ﬁng(T) — 27A obiTB(Uni (7)) fjnl(T) as
functions of 7, see also (6.4). We thus have

Ss=h <b1 e®2h4 G (h) ehA + by Ga(h) ehA) T
+1in (b‘f eazhA (B(u(tn,l +ah)) + B(ﬁnl(h))) G (h) erh4
+ 2b1bs (Gg(h) 2" B (u(t,_y + arh)) + B(Una(h)) e Gl(h)) eahA

+ b2 (B(u(tn)) n B(ﬁnz(h))> Ga(h) ehA) T

We next employ a Taylor series expansion of G; about zero up to order 3 — k; the
required derivatives of G; are given in Section B.4. Clearly, it holds ﬁnj (0) = Up—1
and thus G;(0) = 0 for j = 1,2. Due to the fact that 87(7n1(0) = a1 AU,_1 and
8, Up2(0) = ATyt + arbi B'(Wy—1) (ATin—1) @Wn—1, we further obtain

0:G1(0) = a1 B'(tUy—1) B(Up—1) Un—1,

9-G2(0) = B'(tUn-1) (B(ln-1) tin—1 — a1b1 B (Up—-1) (ATUp_1) Un-1),
11



see also (3.2b) and (B.6). Using that B(u,_1) as well as
(B (Un-1))(ATp—1) = =219 R(Up—1 (AUpn_1))

are purely imaginary, it follows that G;(0) = 0 for j = 1,2, see (B.5a). From a Taylor

series expansion of G(h) about zero we thus have

G,(h) = h/ol 0,G, (o h)do — h2/01(1 — 0) G, (oh) do;
this finally yields the identity
Sy = h3 /0 1 ((1 —0) (bl e®2h4 92 Gy (oh) € h4 + by 82 Gy (oh) ehA>
+ L2 emha (B(u(t,H +ah)) + B(ﬁnl(h))) 8,G1 (o h) erhA
+biby (aTGQ(a h) ™" B(u(t,_y + arh)) (6.7f)

+ B(ﬁ}ﬂ(h)) e2hA 0,G4 (0, ]’L)) ea1hA
+ 463 (B(ultn)) + B(Uaa(h)) ) 0:Ga(o ) ehA) —

Provided that the exact solution w and the potential W fulfill suitable regularity
requirements, the derivatives 9,2 gy, 0r,92, 0:Gj, and 02 G, are bounded in H™ (Rd);
more precisely, we suppose that the exact solution of (2.2) fulfills the assumption
u(t) € Dja4 (Rd) for t,,—1 <t < ty, see (1.3) and (2.2b) for the definition of D 4 (Rd).
Altogether, we obtain the following estimate for the local error

lldn|| o < CR, (6.8)
see (6.7b), (6.7d), and (6.7f); here, we require max {[|0*W||p : |u| < j + 4} and

max {||u(t)||p,, : tn—1 <t <t} to be bounded.

Appendix A. Hermite functions. We let H,, : R — R denote the univariate
Hermite polynomial of degree f;, normalised with respect to the weight function

w(&;) =e” & ; that is, Hy,; is defined through the recurrence relation

Ho(&) = 5=,  Hi(&) = V2 Ho(g),
Hy,(8) = 7 (V28 Hy,1(&) — /s — 1Hy,2(85)), 1y = 2.

The scaled and normalised Hermite functions 42, : R? — R are then given by

(A1)

1

d
() = [[#0,(&), A, (&) = Huy (&) e 35
j=1

As well known, the Hermite functions (4¢],) form an orthonormal basis of the function
space L? (Rd); thus, for any v € L? (Rd) the representation

v=Y v, v= (0] ) . (A.2a)
1

12



follows. Due to fact that the eigenvalue relation
d
3 (= Dy +V3) A= N A Au:Z'Vj(ﬂj+%)’ (A.2b)

holds, we further obtain

Av:—in#)\M%‘jﬂ etAv:Zvue_it’\“%i, (A.2¢)

see (2.2). We finally note that relation (A.1) implies
8@.%:0, agj%:_%7
e, Hny = = 5 (Vs + 1 H00 = Vit i), 1y = 25

as a consequence, any partial derivative 0".7, can be expressed as a (finite) linear
combination of the form

A, =Y ey I (A.3)

involving certain coefficients ¢, € R.

Appendix B. Gross—Pitaevskii equation. In this appendix, we collect sev-
eral auxiliary results that are applied in Section 4 for the derivation of Theorem 1
and 2. In Section B.1, we indicate how to transform the GPE (1.1) to the normalised
equation (2.1). Then, we are concerned with conserved quantities of the GPE (2.1),
see Section B.2. Section B.3 is finally devoted to auxiliary estimates involving the
operators A and B, see also (2.2).

B.1. Normalisation. We consider the original formulation (1.1) of the GPE

50,0 (x,t) = (— %A+U(x)+@\\y(m,t)|2) U(z,t), aeRY, t>0,

(vj ;) + Uo(x) ;

M-

d
A=), Ux)=%
j=1

1

J

here, we suppose U to be a quasi-harmonic potential involving positive coefficients v;,
1 < j < d. We apply the linear transformation & = ,/¢;x; with ¢; = % for
1 < j < d; using that 82 =cj 82 and setting

I ——T

401...cd
as well as W (£) = + Up(z), and 9 = 4”ij./cl~~cd,wethusobtain
10:0(60) = (=38, + VO +0[w(E D) vigt),  €eRT, t>0,

d
A, = Z% 02, VO=3VO+W(E©), V(O=) v
j=1 j=1

see (2.1). We further note that ||(-,t)||pz = | U (-, ¢)||L2-
13



B.2. Conserved quantities. For notational brevity, we meanwhile omit ¢ and

write ¥(&) = (&, t) for short.

Particle number conservation. For proving the preservation of the particle num-
ber ||¢|3., we employ a partial integration

(02, 019) 12 = = [ 96,06 06,8 dé =~ 106,v].
and conclude (A, 9 |9)r2 € R. Consequently, by means of the GPE (2.1), we obtain

00 19)22 = =i (= 5 (A0 |0)r + (VO [¥)ra + 9 (WP 0] 0) 0 ) €I,

and thus the desired result d4|[¢||2, = 9:(¢ | V)2 = 2R(9¢ | ) 2 = 0 follows.
Energy conservation. In order to show that the energy functional (2.3) is time-
independent, we consider its time derivative

OBW) =2R (= $ 8+ V+ 060 [0) |
regarding (2.1) and making use of the fact that

100l 2 =10 |0:)12 = (= 38, + V40 02)0|0:0) | €iR

it follows 0, E(¢) =
Invariance. The time-invariance of |¢)| with ¢ being the solution of the differential
equation 043 = —i (Wep + 9 [9|? 1)), see (2.2) and (3.1), follows in a straightforward
way from the fact that 1 0u,) = *I(WWJF + 19|1/)|4) € iR, wherefore we obtain
B.3. Auxiliary estimates. In the following, we derive estimates for the solu-
tions of (3.1); for the definition of A and B, we refer to (2.2). Basic results on Hermite

functions that are useful for a proof of Lemma 1 are reviewed in Appendix A.
LEMMA 1. For any integer m > 0 it holds

=1, t>0;

tA
(C | PR

that is, the linear operator e!4 is unitary on H™ (Rd).
Proof. In order to prove the statement of Lemma 1, it suffices to show the relation

||8“etAv||L2=H6”v||L2, k| <m, t>0, veHm(]Rd).

Employing a spectral decomposition into Hermite basis functions, we have
U:Zv“%’ etAv:Zv“e*i”“‘jﬁ,
I I
see also (A.2); further, by means of (A.3), we obtain

K. K _ ~ w tA ~ —itA
81)—5 vﬂaj‘fﬁ—g v, I, 0% e U—E vye "I,
p p p

with certain coefficients v,,. Making use of the fact that |e_i“‘“| = 1 and that the
orthonormality relation (| .7,),, = 0x, is valid, it follows

||8“ emvHi2 = Z \'17#\2 = H({?HUHQH , k| <m, t>0, ve Hm(Rd) ,
n
14



which yields the desired result. O
For the convenience of the reader, we recapitulate the continuous embeddings

Hi+m(RY) c €4(RY)  if d=1, m>1,
Hj+1(Rd)CWj,q(Rd) ifd=2,2<¢g< 0,
Hitm(RY) c ¢L(RY)  ifd=2, m>1,

' ) CCh ! ) (B.1)
HIt™(RY) c WH(RY) if d=3,2<q< 722 m<1ld,
)
)

d—2
Hj+m(Rd CWj»q(Rd) ifd=3,2§q<oo7m=%dv
Hi+™(RY) C €4 (RY) i d=3, m> Ld;

see ADAMS [1]. These relations are needed for the derivation of Lemma 2; more
precisely, in the proof of Lemma 2 we apply the estimate

luvw|gm < Cllullgs [[ollg l[wlam (B.2)
where j is given by (2.2b). The above bound follows from Holder’s inequality
luvw|r: <C HUHLQP(Rd) Hv||L2<1(Rd) ”w”Lz"'(]Rd)v % + % + % =1,

with p = ¢ = 00,7 =1 and p = ¢ = r = 3, respectively, together with (B.1). Namely,
for d =1, due to H* (Rd) C L (]Rd), we obtain

luvwlpz < Cllulla [[v]la [wlze; (B.3a)
differentiation and a repeated application of (B.3a) further yields
luvw||gm < Clullgm ||v||gm ||| g, m>1. (B.3b)

On the other hand, for d = 2,3, the continuous embeddings H' (]Rd) c LS (]Rd) and
H? (Rd) C L™ (Rd) imply the bounds

luvwllpz < Cllullg vl lwla,  uvwlre < Cllullgz |vlg2 lwllzz; (B.3c)
as a consequence, we obtain

luvwla < Cllullg= (vl g2 [wllm (B.3d)
||uvw||H7n S C ||u||H7n ||'UHH7n ||w||Hm s m Z 2. .

Altogether, this yields (B.2).
LEMMA 2. For some m > 0 let j be defined through (2.2b). Then, the estimates

[B@)|| gy < C1(m,0),
1B@) = Bw)|| . pys < Colmyv,w) [Jv — w] g1

are valid with C1(m,v) and Ca(m, v, w) given by
— I 9 2
it = g P 910

Ca(m,v,w) = C ([vllgs + [wllas) -

15



Proof. (i) Let v € H™(R?). The definition of the Sobolev norm (1.2) implies
[Wollgm < Cmax {||0*W || peoray [[v]|gm : [u] < m} and therefore

W g gy < € max [|04 W]

—H™ [p|<m

R4) *
In order to estimate the operator norm of 95 v : H™(R%) — H™(R?), we apply (B.2);
altogether this yields the given bound.

(ii) The statement concerning

B(v) = B(w)=—-id (v —ww) = —id (v (v —w) +w (v —w))

follows in a similar manner by means of (B.2). O
Lemma 2 implies that ¢, (¢B(v)) is a bounded operator on H™(R?), see (1.4) for
the definition of ¢; more precisely, we have

ek (EBO) |y < 7™ £20, k>0, (B.4a)
Especially, for £ = 0 and m = 0 the improved bound

e oo =1, t>0, (B.4b)

—L2

is valid; making use of the fact that B(v)(¢) € iR for all ¢ € R?, the above relation
follows from the identity

e wlfs = [ PP o) dg = [ |l d¢ = ult .
Rd Rd
The following lemma is essential in view of our stability result; the quantities Cj
and Cy were introduced in Lemma 2.
LeEMMA 3. The following estimate

[e"B0) vy — e BEOI o | < e Com 0T g — Ty [ grm, £20, m >0,
is valid with constant given by
CB(mJJO?:JO) = %1 (t Cl(j7 :60)) CZ(mu'UOa:JO) H50||H-7 ) m=0,
C3(m, vo,00) = C1(m,vo) + ¢1 (t C1(j,i70)) Ca(m, vo, 0o) ||Vo || 15 » m>0;

here, the integer j > m is defined through (2.2b). B
Proof. In order to prove Lemma 3, we relate v(t) = e!5(*0) v and ¥(t) = e*B(%0) 75,
to the initial value problems

v'(t) = Bvo)v(t), t>0, v(0) =g,
v'(t) = B(@y)v(t), t>0, 0(0) =g .

Consequently, taking the difference and rewriting the right-hand side of the differential
equation, we obtain

(v(t) = 0(1))" = B(vo) (v(t) = 5(t)) + (B(vo) — B(¥)) P T ;
representing the solution by the variation-of-constants formula further yields
t
v(t) = B(t) = etB(vo) (UO _ ”50) +/ o(t=7)B(vo) (B(vo) _ B(EO)) o7 B(@0) To dr.

0
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It remains to estimate
lo®) = T o < [FC gy llv0 = Tl 12

t

b LI | (Blaw) — B P o]
by means of Lemma 2 and (B.4); finally, by applying the bound 1+ < %, the stated
result follows. O

B.4. Derivatives. In the following, we are concerned with computing certain
derivatives of the functions

gi(r) =elh=mA B(u(tp—1+7)) e Up_1,
Go(r1,72) = " TAB(u(ty_1 +71)) ™A B (u(ty_1 + 1)) €A Uy,
GJ(T) = B(u(tn—l +¢j 7')) —B([/j,Lj(T)) s j= 1,2,

that are needed in Section 6 in order to derive the estimate (6.8) for the local error
of the Strang type splitting method (3.2), see (6.2b), and (6.7e); for the convenience
of the reader, we further recall the definitions

d
A:f%i(fA,quVV):%inyj (92 —a3), B(v) = —i(W +9v[?),
j=1

~ ~

Unl(T) _ eaﬂ—A anfl ’ Ung(’T) _ eaer eber((A],,Ll(T)) Unl (T),

see also (2.2) and (6.4). Henceforth, for linear operators K and L, we employ the
commutator notation [L, K] = LK — K L.

Derivatives of B. In order to determine the Fréchet derivative of B(v), we con-
sider B(v+w) — B(v) = —id (Dw + vW + Ww) and thus obtain

(B'(v))(w) = —id (vw +vw) = —2i9 R(Tw) . (B.5a)

Consequently, it follows (B’ (v)) (w v) = 0 for any function w with purely imaginary
values. We next determine (B’(v+w))(w) — (B'(v))(w) = — 219 R(ww); this yields

(B"(v))(w,w) = —2i9R(ww) .
As a consequence, for a function v = v(7), it holds

9-B(v) = B'(v)(0;v) = =219 R(v9,v) ,

B.5b
633(11):B”(v)(@Tv,@Tv)+B’(v)(8$v):—2119<|8Tv|2+§R(§83v)>. (B.5b)

In particular, for u = u(7) being the solution of (2.2), we employ the identities

d-u= (A+ B(u)) u,

9 B.5¢c
02u = (B’(u)(Au—l—B(u)u))u—F (A+B(w) u, (B-5¢)

in order to determine (B.5b).
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Derivatives of g;. On the one hand, differentiating g; twice, it follows

2(7) = 0 (A ( = [A, B(ultur +7))] + 0 Blultu- + 7)) ) €11
= oA ([4, [4, B(ultar +7)]] = 2[4,0:B(ulta—1 +7))]
+ 8EB(u(tn_1 + T))) T
In a similar manner, we obtain
87_127\2(7—1’7—2) — e(h_ﬂ)A( — [A, B(U(tn,1 + Tl))} + 8TIB(u(tn,1 + Tl)))
x e(m—m2)A B(u(tn_1 + 7'2)) e Uy,
0r, 3a(rism2) = A Bu(tn s + 1)) e(rl—n)A( — [A, B(u(ty-1+72))]

+ 8‘,—2B(u(tn,1 + TQ))) eTzA /7_27171 .

Derivatives of G;. Meanwhile we write v = u(t,—1 + ¢; 7) for short; further, we
let (6“2(')‘4) (1) = €™, In order to determine the first and second derivatives of G

for j = 1,2, due to 9.G; = B'(u) (8Tu) — B/(ﬁnj) (57(7713‘) and

,0,:Upj)

902G = B" (u) (0-u, 0,u) — B"(U,) (0,U,

ngs
+B'(w) (07 u) = B'(Un )( ni) s
it remains to determine the derivatives of v and ﬁnj. Similarly to (B.5c), we obtain

d-u=c;(A+ B(u)) u,
83u=c?(B'(u)(Au+B(u)u))u+c (A+ B(u )) u;

furthermore, we have BTﬁnl =aA (7”1, 83(7,11 = a3 A? UM, and
8 U 2—a2AUn2+ea2()A bl()B (b B ( )(a Unl) Anl"i’aTﬁnl) )
02 Uz = 0240: U + 2O (a4 + 01 B (U (9, Un) ) e OB )

x(blB'(ﬁnl)(aﬁm U+ 0.0 1) 012()A ob1 () B(Tn1)
><<b1(3"(ﬁn)( Dt 0,0) + B (010 (02 0,) ) O

+ blB/(ﬁnl) (é%ﬁnl) 87-[7“1 + 83 ﬁn1> .

REFERENCES

[1] R.A. Apams. Sobolev Spaces. Academic Press, 1978.

[2] W. Bao, Q. Du, anD Y. ZHANG. Dynamics of rotating Bose—Einstein condensates and its
efficient and accurate numerical computation. SIAM J. Appl. Math. 66/3 (2006), 758-786.

[3] W. Bao, D. JakscH, AND P. MArRkOWICH. Numerical solution of the Gross—Pitaevskii equation
for Bose-Einstein condensation. J. Comp. Phys. 187 (2003), 318-342.

18



[4] W. Bao anD J. SHEN. A fourth-order time-splitting Laguerre—Hermite pseudospectral method
for Bose—Finstein condensates. SIAM J. Sci. Comput. 26/6 (2005), 2010-2028.

[5] C. Besse, B. BIDEGARAY, AND S. DEscoMmBES. Order estimates in time of splitting methods
for the nonlinear Schrodinger equation. SIAM J. Numer. Anal. 40/5 (2002), 26—40.

[6] J. Boyp. Chebyshev and Fourier Spectral Methods. Second edition, Dover, New York, 2001.

[7] M. Cariart AND M. THALHAMMER. High-order time-splitting Hermite and Fourier spectral
methods for the Gross—Pitaevskii equation (2007). Submitted for publication.

[8] TH. CazeENaVE. An Introduction to Nonlinear Schrédinger Equations. Textos de Métodos
Matematicos 26, .M.U.F.R.J., Rio de Janeiro, 1989.

[9] C.M. Dion anD E. Cancis. Spectral method for the time-dependent Gross—Pitaevskii equation
with a harmonic trap. Phys. Rev. E 67 (2003) 046706.

[10] R. GrmuMm. Ultracold Fermi gases in the BEC-BCS crossover: a review from the Innsbruck
perspective. Procs. of the Int. School of Physics "Enrico Fermi", Course CLXIV, Varenna,
20 - 30 June 2006 edt. by M. Inguscio, W. Ketterle, and C. Salomon.

[11] E.P. Gross. Structure of a quantized vortex in boson systems. Nuovo Cimento 20 (1961),
454-477.

[12] E. Hairer, CH. LuBicH, AND G. WANNER. Geometric Numerical Integration. Structure-
Preserving Algorithms for Ordinary Differential Equations. Springer, Berlin, 2002.

[13] T. JAHNKE AND CH. LuBICH. Error bounds for exponential operator splittings. BIT 40/4
(2000), 735-744.

[14] Cu. LuBicH. On splitting methods for Schrodinger—Poisson and cubic nonlinear Schrodinger
equations. To appear in Math. Comp.

[15] R. McLaAcHLAN AND R. QUISPEL. Splitting methods. Acta Numerica 11 (2002), 341-434.

[16] V.M. PEreEz—GARcia AND X. Liu. Numerical methods for the simulation of trapped nonlinear
Schrodinger equations. J. Appl. Math. Comp. 144 (2003), 215-235.

[17] L.P. PrraEvskil. Vortez lines in an imperfect Bose gas. Sov. Phys. JETP 13 (1961), 451-454.

[18] G. STRANG. On the construction and comparison of difference schemes. SIAM J. Numer.
Anal. 5 (1968), 506-517.

[19] Y.-F. Tang, L. VAzqQuez, F. ZuanGg, aND V.M. PErREz—GARcia. Symplectic methods for
the nonlinear Schrodinger equation. Computers Math. Applic. 32/5 (1996), 73-83.

[20] T.R. Taua anp M.J. ABrowirz. Analytical and numerical aspects of certain nonlinear
evolution equations. II. Numerical, nonlinear Schrédinger equation. J. Comput. Phys. 55/2
(1984), 203-230.

[21] M. THALHAMMER. High-order ezponential operator splitting methods for time-dependent
Schrédinger equations. To appear in STAM J. Numer. Anal.

[22] R. TiwaRI AND A. SHUKLA. A basis-set based Fortran program to solve the Gross—Pitaevskii
equation for dilute Bose gases in harmonic and anharmonic traps. Comput. Phys. Commun.
174 (2006), 966-982.

[23] H.F. TROTTER. On the product of semi-groups of operators. Proc. Amer. Math. Soc. 10
(1959), 545-551.

[24] R. WEeisHAuPL, CH. SCHMEISER, P. MARKOWICH, AND J. Borana. A Hermite pseudo-
spectral method for solving systems of Gross—Pitaevskii equations. Comm. in Math. Sci. 5
(2007), 299-312.

[25] K. YosIpA. Functional Analysis. Springer, Berlin, 1965.

19



