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The Mono-Epi Exact Structure

Exact Categories

Definition: Exact Category

An exact category (A; £) consists of an additive category .4 together with a
distinguished class & of kernel-cokernel pairs, denoted

A B C,

closed under isomorphism and satisfying:
every identity morphism is an inflation and a deflation;
B inflations, resp., deflations, are closed under composition; and
H ¢ is closed under pullbacks and pushouts.

Every additive category .4 may be equipped with the trivial exact structure
(A; &) whose conflations are the trivial (split) kernel-cokernel pairs.
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The Exact Category of Arrows

If (A4; &) is an exact category, then the category Arr(.A) of arrows may be
endowed with an exact structure Arr(€) so that the conflations are of the form

0 B C A 0
oo
0 Y V4 X 0
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The Mono-Epi Exact Structure

The Exact Category of Arrows

If (A4; &) is an exact category, then the category Arr(.A) of arrows may be
endowed with an exact structure Arr(€) so that the conflations are of the form

0 B C A 0
oo
0 Y V4 X 0

Every such conflation of arrows admits a pushout-pullback factorization:

0 B A 0

b
|

0 Y w A 0

0 Y V4 X 0
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Mono-Epi Conflations

A conflation of arrows is mono-epi (ME) if it admits a factorization

0—>B—>C—>A—>0
|

0— =B >V >X—>0
oo

0—>Y—>Z—=X—>0

This is denoted by h = H*h' = g« f.

Theorem (H, Fu)
The functor 1: (A; E) — (Arr(A); Arr(€)), A 1,4, is exact and

(A; E) — (Arr(A); ME) C (Arr(A); Arr(€))

is the smallest exact substructure containing (A; £).
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Leibniz Hom (Riehl and Verity)

A morphism f — g of arrows in Arr(.A) is a pair (my, my) of horizontal maps

Homar(4)(f, ) ———— Hom(A, B)
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Leibniz Ext

Ext(X, B)

Ext(f,B)

g
EXtArr(A)(f, g) E— EXt(A7 B)

4

Ext(X,9)

Ext(A,g)

Ext(X, Y) — " gya, v).
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Extension of Ideals

Products of Special Precovering Ideals

The Ideal Christensen’s Lemma (Fu, H)

It (Z1, 71) and (Z», J2) are complete ideal cotorsion pairs, then so is
(Th T, T2 o ),

where (Z172)* = J2 o Ji, the ideal of arrows f» % j; with ji € 73 and jo € Jo.

(2, (R-PInj  R-PInj x R-Inj)) is a complete ideal cotorsion pair.
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Finite Powers of the Phantom Ideal

Recall ® D 2 D ¢* D ... D (R-Flat). Then (¢")* is the object ideal
generated by modules M with a filtration

O0=My CM CMC--- My C Myyq,
where M,.1/M, is injective and the other factor M1 /M,; pure injective.

Definition
Aring R is semiprimary if R/J(R) is semisimple and (J(R))" = 0 for some
n > 0. In that case, (R-Flat) = (R-Proj).

Theorem (Fu, H)
If R is a semiprimary ring with (J(R))" = 0, then ®” = (R-Proj).
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The Benson-Gnacadja Conjecture

Corollary

If kG is a finite group ring over a field k, then ®* = 0 in kG-Mod, where £ is
the Loewy length of kG.
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The Benson-Gnacadja Conjecture

Corollary

If kG is a finite group ring over a field k, then ®* = 0 in kG-Mod, where £ is
the Loewy length of kG.

Proof (with Benson):

It suffices to show that a phantom ¢: A — B vanishes on soc(A). We may
assume that B has no projective-injective summands. Let S C A be a simple
submodule and consider the restriction

S——A

N
2]
Y

P > B.

If f # 0, we can take P = E(S), contradicting the assumption on B.
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Cophantom Morphisms

Ideal Cotorsion Pair Generated by Pure Projectives

The cotorsion pair generated by pure projective modules is complete, given
by (FP-Proj, FP-Inj), where FP-Inj = R-PProj™.

Theorem (Enochs, Sfovicek)
FP-Proj = Filt,, (PProj).

Let W = (R-mod)* = (R-PProj)* be the ideal of FP-ghost or cophantom
morphisms. The ideal cotorsion pair ({R-Proj = R-PProj), W) generated by the
pure projective modules is complete.

The Cophantom Filtration

wvow® .. ow 5. Dl Dyt 5 S (FP-Proj),
where wet! = yy(@)

Convergence Theorem (Estrada, Fu, H, Odabasi)

v — (FP-Proj).
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Ghosts

Definition: Ghost Ideal
If S CR-Mod, R € S, let g = g(S) := (S)*.

The ideal cotorsion pair (*g, g) is complete.

Definition: Inductive Powers of an Ideal

Let J be an ideal and « be an ordinal. The ideal 7(*) is generated by
a-compositions of morphisms in 7, that is, structural morphism & ; from a
continuous (« + 1)-system A € (« + 1, .A) with successive structural
morphisms a_,, in J.

The Ideal Eklof Lemma (Estrada, Fu, H, Odabasi)

For every ordinal «, the ideal g(®) is special preenveloping with

*(g'™)) = (R-Proj x Filta (Add(S)))
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The Dual Xu Theorem

Theorem (EFHO)

If R-PProj is closed under extension, then R-PProj = FP-Proj.

By the Ideal Christensen Lemma, W2 = W, so the filtration looks like
V=vy?=...=y"=... D> ¥ = (Fp-Inj),

by the Enochs-Stoviek bound and the Ideal Eklof Lemma. To get that
v = W@ apply the property of W that if A € (w + 1,R-Mod) is continuous,
then

\IJ(IiLn AY)=U(A c(Y)).



Salce’s Lemma

Adjustment of Splittings

Outline

Bl Adjustment of Splittings



Salce’s Lemma

Adjustment of Splittings

The Trivial Exact Structure

The distinguished kernel-cokernel pairs in the trivial exact structure (A; &)
are the split ones. A splitting is a self homotopy,

X1*>Xo*>X_

v

X14>X04>X 1,

where ri = 1x,, ps = 1x,, and 1x, = ir + sp.

(o] o1
X1———X 140X —=X;
X71 s XO d X17
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The Connecting Map

Consider a morphism of trivial conflations

X ix Xo Px X
l f1 l ’ l h
Yi 4 Yo —2 s v, ,

equipped with respective splittings (rx, sx) and (ry, Sy). There is a unique
A= A(F),
X X Xo X X_1
A
e e A
Y

such that DQ(A) = (—Ap)(7 IyA) = (I’yfo — fi Ix, Syf_1 — foSX).
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Covariant Adjustment

Consider a morphism of trivial conflations with an ME factorization

o Po
XO —_— YO —_— ZO

pol
XO*,>Y*>Z1

[, P

X1I$Y1HZ1

equipped with respective splittings (ro.S0), (1, s), and (r1, s1). We have
B Ao: Zy — Xp satisfying —Aopo = ry’ — o and iy = sz — y’sp; and
B Aq: Zy — X satisfying —Aqp = r1y2 —xrand Ay = 51 — yzs.
If Ext(Coker z, x) = 0, then xA, = Az, and
(o, s0) and (r1 + (A1 + A)p1), 81 — i1 (A1 + A))

yield a splitting for x — y — z.
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The Limit Induction Step

Inductive Step at a Limit Ordinal

Let A\ = wa be a limit ordinal and

YA B C

and conflation if (A + 1)-systems, X~ € (A + 1,&). If A and C are continuous,
and X[, is trivial, then X is trivial and continuous.
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