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Models of Anyons

A model of anyons is defined by specifying:

A finite label set {a, b, c , . . .} representing anyon charges

The fusion rules a× b =
∑

c N
c
abc

The F -matrix (expressing associativity of fusion)

The R-matrix (braiding rules)
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Fusion

Fusion Rules express the interaction of two anyons:

Fusion
c
ab

c
a b N c b au   u¦

0c c
ab ba abcV V V# # #"

Fusion rules:

Fusion vector space: 

a b

c

dim( )c c
ab baV N#

a b

c

P

c

a b

P�P�= 1, 2, 3,…, Nabc) #
Fusion

a b

c

a b

c

P

When we hide the quantum state from the environment, we 

hide it from ourselves as well! But, when we are ready to read 

out the quantum state (for example, at the conclusion of a 

quantum computation), we can make the information locally 

visible again by bringing the two particles together, fusing 

them into a single object. Then we ask, what is this object’s 

label? In fact, it suffices (for universal quantum computation) 

to be able to distinguish the label c = 0 from c � 0. It is 

physically reasonable to suppose that we can distinguish 

annihilation “into the vacuum” (c = 0) from a lump that is 

unable to decay because of its conserved charge (c � 0).

F -matrix encodes the associativity of the fusion rules:Associativity of fusion: the F-matrix
a b c ( ) ( )a b c a b cu u  u u

a b

P

Q

c

d

Q c

Pc

a b c

� � ' ' '
' '

ed
abc e

e
F

P Q

PQ
P Q c

 ¦e e’

d

There are two natural ways to decompose the topological 
Hilbert space of three anyons in terms of the fusion 
spaces of pairs of particles. These two orthonormal bases are 
related by a unitary transformation, the F-matrix. 

d
abcV
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Braiding Operator

Braiding Two neighboring anyons are exchanged
counterclockwise:Braiding: the R-matrix : :c c

ba abR V Vo
a b

c

P

a b

c

Pc� �cbaR
P

P
P

c

c

 ¦b a

c

a b

c

When two neighboring anyons are exchanged counterclockwise, 
their total charge c is unaltered; since the particles swap positions, 
the fusion space       changes to the isomorphic space        . This 
isomorphism is represented by a unitary matrix, the R-matrix.

c
baV

c
abV

The R-matrix also determines the 
topological spin of the label a, i.e., the 
phase acquired when the particle is 
rotated by 2S: 2 0aiJ

aae RS  
a

a

a

R-matrix Unitary matrix representing the swapping

B-matrix Since two particles may have no direct fusion channel,
B is in general a composition of R and F matrices.
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Fibonacci Theory

Consider an abstract quantity, call it a topological charge.

Only two possible values:

1 is the charge of the vacuum

τ is the charge of any single Fibonacci anyon.

Fusion Rules

1⊗ 1 = 1,

1⊗ τ = τ ⊗ 1 = τ ,

τ ⊗ τ = 1⊕ τ .
Thus for three charges:

τ ⊗ τ ⊗ τ = 2 · τ ⊕ 1 · 1.

We need to specify the F -matrix and R-matrix.
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Fibonacci Theory: Fusion Space

τ

One particle in the vacuum:
The (enclosed) total charge is τ .
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fusion rules. The resulting total
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τ

One particle in the vacuum:
The (enclosed) total charge is τ .

1 or τ

For two particles, we apply the
fusion rules. The resulting total
charge can be either 1 or τ .
⇒ space dimension dim = 2

α

1

+

τ

β

Note: The storing of information is non-local!
7 / 20
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Fibonacci Theory: Fusion Space

?

What is the total charge resulting
from the fusion of three particles?
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Fibonacci Theory: Fusion Space

?

What is the total charge resulting
from the fusion of three particles?

1

τ
τ
τ

τ

1

3-dimensional Hilbert space
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The F -matrix

a

τ

a = 1, τ
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The F -matrix

a

τ

a = 1, τ

b
τ

b = 1, τ

Base change : F-matrix
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The F -matrix

a

τ

a = 1, τ

=
∑

b

Fab

b
τ

b = 1, τ

8 / 20



University of Verona Department of Computer Science

The F -matrix

a

τ

a = 1, τ

=
∑

b

Fab

b
τ

b = 1, τ

F =

[
F00 F01
F10 F11

]
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Base Change
The only two non trivial cases:

1

τ

τ
τ

= F00

1

τ

+ F01

τ
τ

= F10

1

τ

+ F11

τ
τ

τ

1

=

τ

1

F = I
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The Case of n ≥ 4 Particles
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How many different ways to go from one base to the other?
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The Pentagon Equation

The pentagon equation is obtained by imposing the condition that
the above diagram commutes.
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The Pentagon Equation
A Short Introduction to Fibonacci Anyon Models 389

Fig. 3. (color online) The pentagon relation for the “F -moves”.

left-most and right-most fusion trees of four anyons can be related to each other by
F -moves in two different sequences of applications of F -moves.

Fortunately, a mathematical theorem guarantees that the consistency equations
for the above fusion trees, called the pentagons, are all the equations that need to be
satisfied, i.e., all other consistencies are consequences of the pentagons. Note that
the pentagons are just polynomial equations for the entries of the F -matrices.

To set up the pentagons, we need to explain the consistency of fusion tree bases
for any number of anyons. Consider a fusion tree T , and a decomposition of T
into two sub-fusion trees T1, T2 by cutting an edge; the resulting new edge of T1, T2

will also be referred to as edge e. The fusion tree basis for T has a corresponding
decomposition: if xi’s are the particle types of the theory (we assume they are all
self-dual), for each xi, we have a fusion tree basis for T1, T2 with the edge e labeled
by xi. Then the fusion tree basis of T is the direct sum over all xi of the tensor
product: (the fusion tree basis of T1) ⊗ (the fusion tree basis of T2).

In the pentagons, an F -move is applied to part of the fusion trees in each step.
The fusion tree decomposes into two pieces: the part where the F -move applies, and
the remaining part. It follows that the fusion tree basis decomposes as a direct sum
of two terms: corresponding to 1 and τ .

Given a set of fusion rules Nk
i,j solving the pentagons turns out to be a difficult

task (even with the help of computers). However, certain normalizations can be
made to simplify the solutions. If one of the indices of the F -matrix a, b, c is the
trivial type 1, we may assume F a,b,c

d = 1. In the Fibonacci theory, we may also

assume F a,b,c
1 = 1. It follows that the only non-trivial F -matrix is F τ,τ,τ

τ , which is a
2 × 2 unitary matrix.

There are many pentagons even for the Fibonacci theory depending on the four

The only non-trivial case is the one with five τ ’s at the outer edges.
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trivial type 1, we may assume F a,b,c

d = 1. In the Fibonacci theory, we may also

assume F a,b,c
1 = 1. It follows that the only non-trivial F -matrix is F τ,τ,τ

τ , which is a
2 × 2 unitary matrix.

There are many pentagons even for the Fibonacci theory depending on the four

The only non-trivial case is the one with five τ ’s at the outer edges.
The explicit equation for Fibonacci anyons is:

(F ττcτ )da (F aττ
τ )cb = (F τττd )ce(F τeττ )db(F τττb )ea
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The Pentagon Equation

The unique unitary solution (up to irrelevant phase factor) is the
unitary matrix (set b = c = 1 and use unitarity):

F =

[
ϕ−1 ϕ−1/2

ϕ−1/2 −ϕ−1
]

where ϕ = 1+
√
5

2
12 / 20
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The unique unitary solution (up to irrelevant phase factor) is the
unitary matrix (set b = c = 1 and use unitarity):

F =

[
ϕ−1 ϕ−1/2

ϕ−1/2 −ϕ−1
]

where ϕ is the golden mean ϕ = 1+
√
5
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The Pentagon Equation

Note that for any number n > 4 of particles, any base change can
always be reduced to paths on the diagram above and if the pentagon
equation is satisfied, then the computation is correct.
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Hilbert Space Dimensions

The dimension of the Hilbert space of n Fibonacci anyons is a
consequence of the fusion rules of this model.

Multifusion paths represented by the labelings of the fusion tree form
an orthonormal basis of the degenerate ground-state manifold.

43

(Nayak and Wilczek, 1996):

Ψ(1,ψ) =
(w13w24)

1
4

(1 ± √
x)1/2

(
Ψ(13)(24) ± √

x Ψ(14)(23)

)
(96)

where x = w14w23/w13w24. (Note that we have
taken a slightly different anharmonic ratio x than in
Nayak and Wilczek, 1996 in order to make (96) more com-
pact than Eqs. (7.17), (7.18) of Nayak and Wilczek, 1996.) In
this expression,

Ψ(13)(24) =
∏

j<k

(zj − zk)2 ×

Pf

(
(zj − w1)(zj − w3)(zk − w2)(zk − w4) + (j ↔ k)

zj − zk

)

(97)

and

Ψ(14)(23) =
∏

j<k

(zj − zk)2 ×

Pf

(
(zj − w1)(zj − w4)(zk − w2)(zk − w3) + (j ↔ k)

zj − zk

)

(98)

Suppose, now, that the system is in the state Ψ(1). Braid-
ing 1 around 2 or 3 around 4 simply gives a phase (which is
Rσσ

1 multiplied by a contribution from the Abelian part of the
theory). However, if we take w2 around w3, then after the
braiding, the system will be in the state Ψ(ψ) as a result of the
branch cuts in (96). Now, 1 and 2 will instead fuse together
to form ψ, as expected from the general argument in Eq. A6.
Thus, the braiding yields a rotation in the degenerate space.
The resulting prediction for the behavior under braiding for
the Moore-Read Pfaffian state is in agreement with the results
obtained in sections III.B and III.C above.
(e) Z3 Read-Rezayi State (Briefly): We can follow a com-

pletely analogous procedure with a CFT which is the tensor
product of the Z3 parafermion CFT with a chiral boson. As
before, the electron operator is a product of a chiral vertex
operator from the bosonic theory with an operator from the
parafermion theory. The simplest choice is ψe = ψ1e

iαφ.
We would like this field to be fermionic so that it can be
an electron creation operator by which we can extend the
chiral algebra (i.e., so that the electron wavefunction has no
branch cuts or singularities). (See appendix A for the nota-
tion for parafermion fields.) The fusion rules for ψ1 in the Z3

parafermion CFT are: ψ1 ×ψ1 ∼ ψ2 but ψ1 ×ψ1 ×ψ1 ∼ 1 so
that the correlator in Eq. 84 is only nonzero ifN is divisible by
3. From the OPE, we obtainψ1(z1)ψ1(z2) ∼ (z1−z2)

−2/3ψ2

so in order to have the wavefunction analytic, we must choose
α =

√
m + 2/3 with m ≥ 0 an integer (m odd results

in an antisymmetric wavefunction and even results in sym-
metric). The filling fraction in the thermodynamic limit is
determined entirely by the vertex operator eiαφ, resulting in
ν = 1/α2 = 1/(m + 2/3).

The ground state wavefunction for N = 3n electrons takes
the form:

Ψgs(z1, . . . , z3n) =
∏

i<j

(zi − zj)
m ×

S

⎧
⎨
⎩

∏

0≤r<s<n

χr,s(z3r+1, . . . , z3r+k, z3k+1, . . . z3s+3)

⎫
⎬
⎭
(99)

whereM must be odd for electrons, S means the symmetriza-
tion over all permutations, and

χr,s = (z3r+1 − z3s+1)(z3r+1 − z3s+2)×
(z3r+2 − z3s+2)(z3r+2 − z3s+3) . . . ×

(z3r+3 − z3s+3)(z3r+3 − z3s+1) (100)

With the electron operator in hand, we can determine the
primary fields of the theory. The primary field of minimum
electrical charge is ψqh = σ1e

iφ/3α To see that this field is
local with respect to ψe (i.e., there should be no branch cuts
for the electron coordinates zi), observe that σ1(w)ψ1(z) ∼
(z − w)−1/3ψ and eiφ/3α(w)eiαφ(z) ∼ (z − w)1/3. Con-
structing the full wavefunction (as in Eq. 85 and analogous to
Eq. 93) the fusion of of eiφ/3α (from ψqh) with eiαφ (from
ψe) again generates a factor of

∏
i(zi − w)1/3. We conclude

that the elementary quasihole has chargeQ = +eν/3.

(a)

!!✒
1

σ1
!!✒

❅❅❘

σ2

ψ1
!!✒

❅❅❘

!!✒

ϵ

1

!!✒

❅❅❘

❅❅❘
σ1

ψ2
!!✒

❅❅❘

!!✒

σ2

ψ1

!!✒

❅❅❘
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FIG. 9 (a) Bratteli diagram for fusion of multiple σ1 fields in the
Z3 Parafermion CFT. (b) Bratteli diagram for Fibonacci anyons.
The general braiding behavior for the Z3 parafermions has

been worked out in Slingerland and Bais, 2001. It is trivial,
however, to work out the dimension of the degenerate space
by examining the Bratteli diagram Fig. 9a (See the appendix
for explanation of this diagram). For example, if the number
of electrons is a multiple of 3 then they fuse together to form
the identity. Then, for example, with 6 quasiholes one has 5
paths of length 5 ending at 1 (hence a 5 dimensional degener-
ate space). However, if, for example, the number of electrons
is 1 mod 3, then the electrons fuse in threes to form 1 but there
is one ψ1 left over. Thus, the quasiholes must fuse together to
form ψ2 which can fuse with the leftover ψ1 to form 1. In this
case, for example, with 4 quasiholes there is a 2 dimensional
space. It is easy to see that (if the number of electrons is divis-
ible by 3) the number of blocks with n quasiparticles is given
by the n − 1st Fibonacci number, notated Fib(n-1) defined by

Consider n τ -anyons in the plane with total charge τ

Denote by Fn the ground state degeneracy

Then Fn+1 = Fn + Fn−1 (Fibonacci sequence).
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where x = w14w23/w13w24. (Note that we have
taken a slightly different anharmonic ratio x than in
Nayak and Wilczek, 1996 in order to make (96) more com-
pact than Eqs. (7.17), (7.18) of Nayak and Wilczek, 1996.) In
this expression,

Ψ(13)(24) =
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(zj − zk)2 ×
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(
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Suppose, now, that the system is in the state Ψ(1). Braid-
ing 1 around 2 or 3 around 4 simply gives a phase (which is
Rσσ

1 multiplied by a contribution from the Abelian part of the
theory). However, if we take w2 around w3, then after the
braiding, the system will be in the state Ψ(ψ) as a result of the
branch cuts in (96). Now, 1 and 2 will instead fuse together
to form ψ, as expected from the general argument in Eq. A6.
Thus, the braiding yields a rotation in the degenerate space.
The resulting prediction for the behavior under braiding for
the Moore-Read Pfaffian state is in agreement with the results
obtained in sections III.B and III.C above.
(e) Z3 Read-Rezayi State (Briefly): We can follow a com-

pletely analogous procedure with a CFT which is the tensor
product of the Z3 parafermion CFT with a chiral boson. As
before, the electron operator is a product of a chiral vertex
operator from the bosonic theory with an operator from the
parafermion theory. The simplest choice is ψe = ψ1e

iαφ.
We would like this field to be fermionic so that it can be
an electron creation operator by which we can extend the
chiral algebra (i.e., so that the electron wavefunction has no
branch cuts or singularities). (See appendix A for the nota-
tion for parafermion fields.) The fusion rules for ψ1 in the Z3

parafermion CFT are: ψ1 ×ψ1 ∼ ψ2 but ψ1 ×ψ1 ×ψ1 ∼ 1 so
that the correlator in Eq. 84 is only nonzero ifN is divisible by
3. From the OPE, we obtainψ1(z1)ψ1(z2) ∼ (z1−z2)

−2/3ψ2

so in order to have the wavefunction analytic, we must choose
α =

√
m + 2/3 with m ≥ 0 an integer (m odd results

in an antisymmetric wavefunction and even results in sym-
metric). The filling fraction in the thermodynamic limit is
determined entirely by the vertex operator eiαφ, resulting in
ν = 1/α2 = 1/(m + 2/3).

The ground state wavefunction for N = 3n electrons takes
the form:

Ψgs(z1, . . . , z3n) =
∏

i<j

(zi − zj)
m ×

S

⎧
⎨
⎩

∏

0≤r<s<n

χr,s(z3r+1, . . . , z3r+k, z3k+1, . . . z3s+3)

⎫
⎬
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(99)

whereM must be odd for electrons, S means the symmetriza-
tion over all permutations, and

χr,s = (z3r+1 − z3s+1)(z3r+1 − z3s+2)×
(z3r+2 − z3s+2)(z3r+2 − z3s+3) . . . ×

(z3r+3 − z3s+3)(z3r+3 − z3s+1) (100)

With the electron operator in hand, we can determine the
primary fields of the theory. The primary field of minimum
electrical charge is ψqh = σ1e

iφ/3α To see that this field is
local with respect to ψe (i.e., there should be no branch cuts
for the electron coordinates zi), observe that σ1(w)ψ1(z) ∼
(z − w)−1/3ψ and eiφ/3α(w)eiαφ(z) ∼ (z − w)1/3. Con-
structing the full wavefunction (as in Eq. 85 and analogous to
Eq. 93) the fusion of of eiφ/3α (from ψqh) with eiαφ (from
ψe) again generates a factor of

∏
i(zi − w)1/3. We conclude

that the elementary quasihole has chargeQ = +eν/3.

(a)

!!✒
1

σ1
!!✒

❅❅❘

σ2

ψ1
!!✒

❅❅❘

!!✒

ϵ

1

!!✒

❅❅❘

❅❅❘
σ1

ψ2
!!✒

❅❅❘

!!✒

σ2

ψ1

!!✒

❅❅❘

❅❅❘
ϵ

1
!!✒

❅❅❘

!!✒

σ1

ψ2

!!✒

❅❅❘

❅❅❘

. . .

(b)

1✲ τ

τ

!!✒✲ 1 ✲❅❅❘ τ

✲1✲
!!✒✲ 1✲❅❅❘

τ ✲

τ

1 . . .

FIG. 9 (a) Bratteli diagram for fusion of multiple σ1 fields in the
Z3 Parafermion CFT. (b) Bratteli diagram for Fibonacci anyons.
The general braiding behavior for the Z3 parafermions has

been worked out in Slingerland and Bais, 2001. It is trivial,
however, to work out the dimension of the degenerate space
by examining the Bratteli diagram Fig. 9a (See the appendix
for explanation of this diagram). For example, if the number
of electrons is a multiple of 3 then they fuse together to form
the identity. Then, for example, with 6 quasiholes one has 5
paths of length 5 ending at 1 (hence a 5 dimensional degener-
ate space). However, if, for example, the number of electrons
is 1 mod 3, then the electrons fuse in threes to form 1 but there
is one ψ1 left over. Thus, the quasiholes must fuse together to
form ψ2 which can fuse with the leftover ψ1 to form 1. In this
case, for example, with 4 quasiholes there is a 2 dimensional
space. It is easy to see that (if the number of electrons is divis-
ible by 3) the number of blocks with n quasiparticles is given
by the n − 1st Fibonacci number, notated Fib(n-1) defined by

Consider n τ -anyons in the plane with total charge τ

Denote by Fn the ground state degeneracy
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Suppose, now, that the system is in the state Ψ(1). Braid-
ing 1 around 2 or 3 around 4 simply gives a phase (which is
Rσσ

1 multiplied by a contribution from the Abelian part of the
theory). However, if we take w2 around w3, then after the
braiding, the system will be in the state Ψ(ψ) as a result of the
branch cuts in (96). Now, 1 and 2 will instead fuse together
to form ψ, as expected from the general argument in Eq. A6.
Thus, the braiding yields a rotation in the degenerate space.
The resulting prediction for the behavior under braiding for
the Moore-Read Pfaffian state is in agreement with the results
obtained in sections III.B and III.C above.
(e) Z3 Read-Rezayi State (Briefly): We can follow a com-

pletely analogous procedure with a CFT which is the tensor
product of the Z3 parafermion CFT with a chiral boson. As
before, the electron operator is a product of a chiral vertex
operator from the bosonic theory with an operator from the
parafermion theory. The simplest choice is ψe = ψ1e

iαφ.
We would like this field to be fermionic so that it can be
an electron creation operator by which we can extend the
chiral algebra (i.e., so that the electron wavefunction has no
branch cuts or singularities). (See appendix A for the nota-
tion for parafermion fields.) The fusion rules for ψ1 in the Z3

parafermion CFT are: ψ1 ×ψ1 ∼ ψ2 but ψ1 ×ψ1 ×ψ1 ∼ 1 so
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α =
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in an antisymmetric wavefunction and even results in sym-
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primary fields of the theory. The primary field of minimum
electrical charge is ψqh = σ1e

iφ/3α To see that this field is
local with respect to ψe (i.e., there should be no branch cuts
for the electron coordinates zi), observe that σ1(w)ψ1(z) ∼
(z − w)−1/3ψ and eiφ/3α(w)eiαφ(z) ∼ (z − w)1/3. Con-
structing the full wavefunction (as in Eq. 85 and analogous to
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Z3 Parafermion CFT. (b) Bratteli diagram for Fibonacci anyons.
The general braiding behavior for the Z3 parafermions has

been worked out in Slingerland and Bais, 2001. It is trivial,
however, to work out the dimension of the degenerate space
by examining the Bratteli diagram Fig. 9a (See the appendix
for explanation of this diagram). For example, if the number
of electrons is a multiple of 3 then they fuse together to form
the identity. Then, for example, with 6 quasiholes one has 5
paths of length 5 ending at 1 (hence a 5 dimensional degener-
ate space). However, if, for example, the number of electrons
is 1 mod 3, then the electrons fuse in threes to form 1 but there
is one ψ1 left over. Thus, the quasiholes must fuse together to
form ψ2 which can fuse with the leftover ψ1 to form 1. In this
case, for example, with 4 quasiholes there is a 2 dimensional
space. It is easy to see that (if the number of electrons is divis-
ible by 3) the number of blocks with n quasiparticles is given
by the n − 1st Fibonacci number, notated Fib(n-1) defined by

Consider n τ -anyons in the plane with total charge τ

Denote by Fn the ground state degeneracy
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Suppose, now, that the system is in the state Ψ(1). Braid-
ing 1 around 2 or 3 around 4 simply gives a phase (which is
Rσσ

1 multiplied by a contribution from the Abelian part of the
theory). However, if we take w2 around w3, then after the
braiding, the system will be in the state Ψ(ψ) as a result of the
branch cuts in (96). Now, 1 and 2 will instead fuse together
to form ψ, as expected from the general argument in Eq. A6.
Thus, the braiding yields a rotation in the degenerate space.
The resulting prediction for the behavior under braiding for
the Moore-Read Pfaffian state is in agreement with the results
obtained in sections III.B and III.C above.
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product of the Z3 parafermion CFT with a chiral boson. As
before, the electron operator is a product of a chiral vertex
operator from the bosonic theory with an operator from the
parafermion theory. The simplest choice is ψe = ψ1e
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We would like this field to be fermionic so that it can be
an electron creation operator by which we can extend the
chiral algebra (i.e., so that the electron wavefunction has no
branch cuts or singularities). (See appendix A for the nota-
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for the electron coordinates zi), observe that σ1(w)ψ1(z) ∼
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The general braiding behavior for the Z3 parafermions has

been worked out in Slingerland and Bais, 2001. It is trivial,
however, to work out the dimension of the degenerate space
by examining the Bratteli diagram Fig. 9a (See the appendix
for explanation of this diagram). For example, if the number
of electrons is a multiple of 3 then they fuse together to form
the identity. Then, for example, with 6 quasiholes one has 5
paths of length 5 ending at 1 (hence a 5 dimensional degener-
ate space). However, if, for example, the number of electrons
is 1 mod 3, then the electrons fuse in threes to form 1 but there
is one ψ1 left over. Thus, the quasiholes must fuse together to
form ψ2 which can fuse with the leftover ψ1 to form 1. In this
case, for example, with 4 quasiholes there is a 2 dimensional
space. It is easy to see that (if the number of electrons is divis-
ible by 3) the number of blocks with n quasiparticles is given
by the n − 1st Fibonacci number, notated Fib(n-1) defined by
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(z3r+3 − z3s+3)(z3r+3 − z3s+1) (100)

With the electron operator in hand, we can determine the
primary fields of the theory. The primary field of minimum
electrical charge is ψqh = σ1e

iφ/3α To see that this field is
local with respect to ψe (i.e., there should be no branch cuts
for the electron coordinates zi), observe that σ1(w)ψ1(z) ∼
(z − w)−1/3ψ and eiφ/3α(w)eiαφ(z) ∼ (z − w)1/3. Con-
structing the full wavefunction (as in Eq. 85 and analogous to
Eq. 93) the fusion of of eiφ/3α (from ψqh) with eiαφ (from
ψe) again generates a factor of

∏
i(zi − w)1/3. We conclude

that the elementary quasihole has chargeQ = +eν/3.
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FIG. 9 (a) Bratteli diagram for fusion of multiple σ1 fields in the
Z3 Parafermion CFT. (b) Bratteli diagram for Fibonacci anyons.
The general braiding behavior for the Z3 parafermions has

been worked out in Slingerland and Bais, 2001. It is trivial,
however, to work out the dimension of the degenerate space
by examining the Bratteli diagram Fig. 9a (See the appendix
for explanation of this diagram). For example, if the number
of electrons is a multiple of 3 then they fuse together to form
the identity. Then, for example, with 6 quasiholes one has 5
paths of length 5 ending at 1 (hence a 5 dimensional degener-
ate space). However, if, for example, the number of electrons
is 1 mod 3, then the electrons fuse in threes to form 1 but there
is one ψ1 left over. Thus, the quasiholes must fuse together to
form ψ2 which can fuse with the leftover ψ1 to form 1. In this
case, for example, with 4 quasiholes there is a 2 dimensional
space. It is easy to see that (if the number of electrons is divis-
ible by 3) the number of blocks with n quasiparticles is given
by the n − 1st Fibonacci number, notated Fib(n-1) defined by

Consider n τ -anyons in the plane with total charge τ

Denote by Fn the ground state degeneracy

Then Fn+1 = Fn + Fn−1 (Fibonacci sequence).
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The R-matrix
Exchanging two anyons a and b in the plane can be done in two
non-topologically equivalent ways:

A Short Introduction to Fibonacci Anyon Models 391

Now a comment about fusion trees is necessary. In our convention, we draw the
fusion trees downwards. If we want to interpret a fusion tree as a physical process
in time, we should also introduce the conjugate operator of the fusion: splitting of
anyons from one to two. Then as time goes upwards, a fusion tree can be interpreted
as a splitting of one anyon into many.

All the braiding matrices can be obtained from the R-matrices combined with
F -matrices. Let V a,b

c be the ground state manifold of two anyons of types a, b with
total charge c. Let us assume all spaces V a,b

c are one-dimensional, and ea,b
c is its

fusion tree basis.
When anyons a and b are braided by Ra,b, the state ea,b

c in V a,b
c is changed into

a state Ra,be
a,b
c in V b,a

c . Since both Ra,be
a,b
c and eb,a

c are non-zero vectors in a one-

dimensional Hilbert space V b,a
c , they are equal up to a phase, denoted as Rb,a

c , i.e,
Ra,be

a,b
c = Rb,a

c eb,a
c . Here, Rb,a

c is a phase, but in general, Rb,a
c is a unitary matrix.

We should mention that in general Rb,a
c is not the inverse of Ra,b

c . Their product
involves the twists of particles.

As we have seen before anyons can be fused or splitted, therefore braidings should
be compatible with them. For example, given two anyons c, d, we may first split d
to a, b, then braid c with a followed by braid c with b, or we may braid c and d first,
then split d into a, b. These two processes are physically equivalent, therefore their
resulting matrices should be the same. Applying the two operators on the fusion
tree basis ec,d

m , we have an identity in pictures:

The same identity can be also obtained as a composition of F -moves and braid-

Ra,b refers to the process on the rhs.

Let V a,b
c be the ground states of anyons a and b with total charge c .

If V a,b
c is one-dimensional and ea,bc ∈ V a,b

c , then

Ra,be
a,b
c = Rb,a

c eb,ac

In general d-dimensional spaces Rb,a
c is a unitary matrix.

Rb,a
c is not the inverse of Ra,b

c .
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The Hexagon Equation392 S. Trebst, M. Troyer, Z. Wang and A. Ludwig

Fig. 4. (color online) The hexagon relation for “R-moves” and “F -moves”.

ings as shown in Fig. 4. It follows the composition of the 6 matrices, hence the
name hexagon, should be the same as the identity. The resulting equations are
called hexagons. There is another family of hexagons obtained by replacing all right-
handed braids with left-handed ones. In general, these two families of hexagons are
independent of each other. Similar to the pentagons, a mathematical theorem says
that the hexagons imply all other consistency equations for braidings.

Written explicitly for Fibonacci anyons the hexagon equation reads

Rτ,τ
c (F τττ

τ )c
a Rτ,τ

a =
∑

b

(F τττ
τ )c

b Rτ,b
τ (F τττ

τ )b
a , (2.5)

where again the indices a, b, c label the internal edges of the fusion trees as shown
in Fig. 4. Inserting the F -matrix (2.4) and realizing that braiding a particle around
the trivial one is trivial: Rτ,1

τ = R1,τ
τ = 1 the hexagon equation becomes

(
(Rτ,τ

1 )2ϕ−1 Rτ,τ
1 Rτ,τ

τ ϕ−1/2

Rτ,τ
1 Rτ,τ

τ ϕ−1/2 −(Rτ,τ
τ )2ϕ−1

)
=

(
Rτ,τ

τ ϕ−1 + ϕ−2 (1 − Rτ,τ
τ )ϕ−3/2

(1 − Rτ,τ
τ )ϕ−3/2 Rτ,τ

τ ϕ−2 + ϕ−1

)
,

(2.6)
which has the solution

Rττ
1 = e+4πi/5, Rττ

τ = e−3πi/5. (2.7)

The combined operation of a basis transformation F before applying the R-matrix
is often denoted by the braid-matrix B

B = F aττ
c Rτ,τF

aττ
c . (2.8)

The Hexagon equations enforce the condition that braiding is
compatible with fusion. The equations are obtained by imposing the
condition that the above diagram commutes.15 / 20
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Only two solutions:

R =

[
e i4π/5 0

0 e−i3π/5

]
and R =

[
e−i4π/5 0

0 e i3π/5

]

The Hexagon equations enforce the condition that braiding is
compatible with fusion. The equations are obtained by imposing the
condition that the above diagram commutes.
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Braiding

In order to analyse computational models of anyons, the physical
realisation is not of primary importance.

All we need to know are some general properties:

What kind of anyons can occur in this theory?

What are the rules for creation/splitting and fusion?

What is the effect of braiding?

The answers to these questions define an anyon model or, more
technically, a Topological Field Theory in 2 + 1 dimensions as well as
a Unitary Topological Modular Functor.

1. Simulation of topological field theories by quantum computers, M. Freedman, A.

Kitaev and Z. Wang, Comm. in Math. Phy. 227(3): 587-603 — 2002.

2. A modular functor which is universal for quantum computation, M. Freedman, M.

Larsen and Z. Wang, Comm. in Math. Phy. 227(3): 605-622 — 2002.
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Universal Quantum ComputationUniversal Quantum Gates
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The Solovay-Kitaev Theorem

A physical computer cannot perform all elementary operations in the
uncountable set of SU(2n).

Nevertheless, we can require that any operation in SU(2n) can be
approximated to arbitrary precision ε by some countable universal set
of operations.

Theorem (Solovay-Kitaev)

Let G be a finite set of elements in SU(d) containing its own inverses,
and let ε > 0 be the desired accuracy. If G is dense in SU(d), then
there exists a constant c s.t. for any U ∈ SU(d) there exists a finite
sequence S of gates in G of length O(logc(1ε )) and with d(U,S) < ε.
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Simulating Circuits with Fibonacci Anyons

U

U

What braid corresponds to this circuit?What braid corresponds to this circuit?
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Simulating Braids with Quantum Circuits

Problems:
1. We are pulling quasiparticles out of qubits: Leakage error!

2. 87 dimensional search space (as opposed to 3 for three-
particle braids).  Straightforward “brute force” search is 
problematic.

Qubit 1

Qubit 2

1

1

?

?

SU(5)+SU(8)

What About Two Qubit Gates?

What circuit corresponds to this braid?
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