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Abstract. Little is known about how the quality of a clustering changes
when changing the size of the set used to determine the clustering
model. We show that, for K-means clustering, the relationship between
dataset size and clustering quality can display counterintuitive behavior.
Notably, the quality can significantly deteriorate with more data to build
the model. More generally, using artificial datasets and data from bioin-
formatics, we uncover a variety of learning curve behaviors for K-means.
Our results clearly illustrate that the training sample size can have a
nontrivial influence on the clustering performance. Our findings should
appeal to both the clustering practitioner and the clustering researcher
concerned with developing basic insights.

Keywords: Clustering quality -+ K-means - Counterintuitive
behavior - Monotonicity - Gene ontology enrichment analysis

1 Introduction

Clustering [14,17] is a classic problem studied in machine learning, data mining,
and abutting fields. One of its goals is to aggregate objects into meaningful
groups so that objects in the same group are, in some sense, similar whereas
objects from different groups are dissimilar. This is sometimes referred to as
clustering’s realist aim [15]. The goal can also be “constructive,” aiming to split
up data for more pragmatic reasons [15].

Clustering is ubiquitous in science and extensively applied for unsupervised
exploratory data analysis in many scenarios. To roughly quantify how pervasive
it is, we searched Scopus' and found around 39,000 papers published since 2020
with the word “clustering” in the title. Putting this in perspective: a similar

! Search performed in www.scopus. com in November 2024 with the search string TITLE
(¢ ‘Clustering’’) AND PUBYEAR > 2019 AND PUBYEAR < 2025.
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025

G. Krempl et al. (Eds.): IDA 2025, LNCS 15669, pp. 154-166, 2025.
https://doi.org/10.1007/978-3-031-91398-3_12


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-91398-3_12&domain=pdf
https://doi.org/10.1007/978-3-031-91398-3_12

Counterintuitive Behavior of K-Means Clustering Quality 155

search for “CNN”2, a popular machine learning method, returned about 25,000
hits. These papers come from more than 25 subject areas, ranging from computer
to material science, medicine to the social sciences, and geology via psychology
to the arts and humanities.

The foundational and theoretical aspects of clustering have generally received
relatively little attention, compared to its widespread application. Existing work
in this area investigates axiomatic approaches to clustering and issues of model
selection and validation, but also addresses the question of clusterability and the
aim and usage of clustering as such are considered (e.g., [1,15,20,46]).

This paper contributes to this foundational part of the field as well. However,
it focuses on a matter entirely different from the above and asks the basic ques-
tion: “Does clustering become better with more data?” This issue has received
virtually no attention in the community, for none of the clustering techniques.
Possibly this is due to the common belief that, if we avoid adversarial choices
[9,49], more data should indeed imply better cluster models. We show that this
belief is incorrect.

Until now, the only work to study this question is our 2023 contribution to
ECML [24]. Tt shows that, when considering K-means clustering in the classi-
cal context of empirical risk minimization (ERM), performance can actually get
worse with more data. That is, in terms of the minimum sum-of-squares (MSS
or the within-group squared loss [24]) that K-means minimizes at training time,
the average test loss can increase with more data. While this is an interesting
theoretical finding, it merely shows that this behavior can occur in a specifi-
cally constructed probability distribution, and only in terms of the MSS, rather
than more commonly accepted clustering quality measures. Here, we show such
counterintuitive behaviors also occur for measures of quality that are broadly
accepted within the clustering community. Moreover, we demonstrate this on
both simulated and real-world bioinformatics data.

Our work identifies unknown and surprising behavior and, as such, furthers
our fundamental understanding of K-means. However, our work is not theoreti-
cal. Due to the use of more commonly accepted performance measures and the
employment of real data especially, we have to forego mathematical proofs and
rely on empirical investigations. Our findings offer basic insight into K-means
that should be of interest to both practitioners and researchers. To start with,
Sect. 2 covers some additional related work and initial concepts used in the exper-
iments. Section 3 then presents the datasets, experiments, and results. Finally,
Sect. 4 offers a discussion and conclusion.

2 Further Background and Experimental Preliminaries

We cover directly relevant technical works in Subsect. 2.1. Subsection 2.2 then
covers performance and quality measures and Subsect. 2.3 explains learning
curves. These last two subsections cover some essentials for the experiments.
First, however, we will specify the K-means method in more detail.

2 Search string: TITLE (¢‘CNN’’) AND PUBYEAR > 2019 AND PUBYEAR < 2025.
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Many methods have been proposed since the advent of clustering [16,18].
The K-means algorithm [22,37] is probably the most famous clustering app-
roach. It belongs to the family of the so-called minimum sum-of-squares (MSS)
clustering methods, where the clustering is found by minimizing the sum of the
squared Euclidean distance of each object from the mean of the cluster to which
it belongs. That is, given a set of K means M = {mqy,ma,...,mg} and N
objects z;, K-means aims to minimize

N
Ry means = N g.lglzrvlf ||£C2 - m||2 (1)

i=1

To find the best K means, the basic iterative procedure often used is to
assign every data point to its nearest mean and then update the K means to
the average of all points assigned to it. Typically, these two steps are repeated
until convergence. To overcome the sensitivity of K-means to the initialization,
this procedure is then run multiple times from a new random set of K means,
and the solution with the minimum MSS is kept.

While this algorithm has known drawbacks [16,38] and many variations and
alternatives have been presented [18,48], K-means is still widely applied for
clustering.? Three factors contribute to its popularity: it is simple to implement,
it is effective in many different contexts, and it is widely known—especially
researchers from life sciences often prefer a thoroughly studied algorithm, with
known limitations, over less studied alternatives.

2.1 Earlier Work Using Empirical Risk Minimization

Our earlier-mentioned work [24] shows that if one measures the clustering quality
on a test set using the same measure as the one that is used during training, i.e.,
the minimum sum-of-squares (MSS), one can find unexpected behavior in which
the expected loss can actually go up rather than down when the training set
grows. This behavior is demonstrated to be structural, i.e., this deterioration of
performance is in expectation over all possible training sets of a particular size,
and therefore not due to an unlucky draw or other coincidence.

What is important in [24], and also in this work, is that training and test
sets do not necessarily coincide. This may not be the most common setting in
clustering, but it has its precedents. For instance, [7,35,45] consider K-means
clustering in the context of the statistical learning theory and approach it in
terms of classical empirical risk minimization (ERM) [42]. The result derived in
[24] hinges on ERM as well. Where our work differs essentially is that we evalu-
ate the performance of K-means in terms of commonly accepted and practically
employed clustering quality measures. This situation is not unlike the classifica-
tion setting where the error rate or accuracy is the de facto evaluation measure,
but hardly any classifier optimizes these criteria directly [25].

3 Just to get an idea of the numbers: Google Scholar finds about 37,000 articles with
“K-means” in 2024 only.
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We finally note that in recent years some similarly surprising findings have
been reported for other learners, where these can start to perform worse with
increasing numbers of training data [5,8,23,26,27,29]. Examples can be found for
classification, regression, and density estimation. In the clustering case, however,
a comprehensive analysis is still missing.

2.2 Performance and Quality of Clustering

Our study is concerned with the effect of dataset size on the quality of cluster-
ing [2,36,44,47]. Within clustering, as opposed to the supervised context, the
definition of “the quality of a result” can be rather contentious. This is mainly
due to the ground truth not being available and the initial problem being posed
in a qualitative way.

In a seminal paper offering a related result pertaining to the definition of
the quality of clustering, Kleinberg [20] showed that it is impossible to design a
general-purpose clustering function obeying three simple and reasonable proper-
ties: scale-invariance, richness, and consistency. Subsequently, interesting alter-
natives for theoretical cluster validation have been proposed, such as in [4].
Generally, the problem of measuring the quality of a clustering result is still
open, and, as suggested by [46], should probably be made dependent on the
application under consideration.

This work presents results that go beyond the MSS loss in Eq. (1) that K-
means intrinsically minimizes. The three widely accepted and commonly used
clustering quality measures we consider are the adjusted Rand index (ARI),
the normalized mutual information (NMI, type 1), and the purity. A range of
variations on these measures exist [36], but our specific selection of these three
indices can be considered representative.

Before providing their precise definitions, it should be noted that these mea-
sures rely on the availability of a true underlying clustering. This follows the well-
known external validation strategy for clustering [17], which is widely employed,
especially when developing novel clustering methods. For our artificial datasets,
we will have to define ground truth labels ourselves. The ground truth used for
our first real-world bioinformatics dataset is externally provided. Next to these,
we also offer a completely different and, in a way, even more realistic evalua-
tion through a gene ontology enrichment analysis for which the details follow in
Subsect. 3.3.

Given N objects for which a clustering in K clusters is obtained, while the
true labels have K’ possible values. Let n;; be the number of instances in cluster
¢ that have true label j. In addition, let ¢; be the size of cluster ¢ and ¢; be the
number of points with true label j. The adjusted Rand index (ARI) then equals

K K nigy _ 2 (%)%, (9)
Zi:l Zj:l ( 2 ) ({j)( ( ) (2)
1 ci 4 ty _ ZL 521)21 t2j ’
§(Z£1(2)+Z;{=1(2)) )
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the (type 1) normalized mutual information (NMI) calculates

K K/ N5 Nnij
Dic Zj:l - log ity

K ¢, . K’ t; ti)’
*% (Zizl N log & + Zj:l ~ log NJ)

3)

and the third index we use is the purity, which is given by % Zfil max; 1.
Note that ARI, NMI, and purity are quality measures, so larger is better,
whereas for MSS, smaller is.

2.3 Learning Curves

Our analysis is based on learning curves. Such curves are widely used in super-
vised learning scenarios [32,43] and provide insight into the behavior of a given
learner when varying the size of the set used to learn from. Within the cluster-
ing domain, such curves have hardly been utilized. A notable exception is [28]
where both generalization and computational efficiency are plotted against the
training set size for various clustering methods. We will use learning curves in
combination with the clustering quality measures.

To generate our learning curves, we follow two different regimes. For the
synthetic data, we know the underlying distribution, so we can sample training
sets of a given size at random, train K-means on every draw, and then test its
performance on a potentially large test set sampled from the same distribution.
For the real data, performance is measured using the full datasets. Training sets
of different sizes are drawn, without replacement, from this full dataset, so the
training set size cannot exceed the number of instances in the full dataset.

It should be noted that, at test time, we measure the performance of the
means obtained during training. First, all points in the test set are clustered
using the training means, after which the quality of this clustering is determined
using the measures introduced in the previous subsection.

3 Datasets, Experiments, Results

First, on the real-world data, we highlight some interesting learning curve behav-
ior using the quality measures from Subsect. 2.2. Subsequently, we provide two
synthetic datasets, for which we can understand, at least in part, why the
learning curve behaves unexpectedly. We present the experiments and results
in parts: every subsection introduces the specific data, presents the relevant
learning curves, and makes provisional remarks on the results. Before that, let
us present the last experimental details.

3.1 Experimental Parameter Settings

On the datasets in Subsects. 3.2 and 3.4, we repeat the procedure described in the
previous section 1,000 times and report the mean and its standard deviation. We
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consider 29 training set sizes for every dataset. The smallest size equals K, while
the largest size S depends on the dataset: for the synthetic data, we consider
1,000; for the real-world data, we take the total set size as a maximum or, if the
full size leads to excessive computation, we also settle for 1,000 as the maximum
training set size. The other 27 sizes are taken linearly in between the extrema on
a logarithmic scale and rounded to the nearest integer, i.e., the ith training set
size is given by |log(eX + L (e — ef))]. In Subsect. 3.3, we limit ourselves to
100 repetitions and a smaller number of training set sizes. Additional specifics
are provided there.

Finally, where the theory in [24] assumes that we always find the globally
optimal K-means for the particular training set at hand, we typically cannot
guarantee this on the datasets we consider here. To get to acceptably good
solutions, we use the widely used K-means++ algorithm [3] and take the best-
performing solution over 100 random initializations from the training set. In the
experiments of the first two subsections to follow, we consider two-class data for
illustrative purposes and take K = 2.

3.2 Cancer Genome Atlas Data

We present results based on a dataset from The Cancer Genome Atlas (TCGA)
with 4,434 specimens. The dataset has 19 cancer classes, but we consider cluster
performance on subproblems comprising only two cancer types.* Originally, this
dataset has 54,416 features made up of gene expressions, DNA-methylations,
copy-number variations, and microRNA expressions. As suggested in [39], the
dimensionality is reduced to 50 for every of these four feature subsets using PCA
and then concatenated into a 200-dimensional final feature space. In bioinfor-
matics, clustering is typically applied to datasets such as this. Reference [39]
analyses this particular set with various techniques, among which K-means.
Figure 1 provides some interesting learning curves that show the surprising
behavior these can display for K-means clustering. We picked these four to point
out some particulars. Let us first note, however, that not every TCGA problem
with two cancer subtypes leads to such nonmonotonic behavior. On the contrary,
most of these learning curves show clustering improvement with more data to
train on. However, the important point is that such non-monotonic learning
curve behavior can at all happen and the community has no explanation for it.
First, on all four problems from Fig.1, MSS behaves similarly monotonic,
but the quality measures show quite some different behavior. The first row shows
curves decreasing twice with increasing training set sizes. The second shows non-
monotonic behavior for a clustering problem that K-means can solve perfectly,
given enough data. The third row shows a drop in performance early on in the
learning curve, after which its behavior becomes regular. This may not pose a
problem practically, but it does challenge our understanding of K-means at a
more fundamental level. The bottom row shows that, at least in for ARI and

4 TCGA is kindly acknowledged for making this data available. The original data was
generated by the TCGA Research Network: https://www.cancer.gov/tcga.
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NMI, the performance loss can be rather dramatic. Granted, even their best
performance may not be good, but K-means being a bad fit for the problem is
not an a priori reason for it to lead to nonmonotonic learning.

3.3 Clustering Gene Expression Data

We now turn to another important clustering challenge involving gene expres-
sions [11,19,33]. K-means is a typical strategy [13,40] and also industrially, it is
routinely applied (for instance in the Affymetrix technology from Thermo Fisher
Scientific, a prominent biotechnology company®). Where for TCGA the gene
expressions are used as features to describe cancer types, in the current appli-
cation every gene is described by its expression at different time points. Impor-
tantly, this clustering problem is one of the few real-world clustering problems
where the quality can be assessed using a large collection of external information.
This offers well-established procedures that we can use and complements quality
measures like ARI, NMI, and purity. It offers an essentially different illustration
of the counterintuitive clustering behavior this work exposes.

The specific procedure we employ is a gene ontology (GO) enrichment analy-
sis [6]. The GO provides a computational representation of all available informa-
tion on gene functions at molecular, cellular, and organism levels. This can be
used to assess the coherence of a cluster of genes by checking if certain biological
processes, molecular functions, or cellular components, as characterized by GO
terms, appear more often than expected by chance in that cluster. The more
clusters contain such an overrepresentation, the more successful the clustering.

We use the well-known yeast cycle dataset [10] describing the expression
levels of 6,400 genes at seven different time points, i.e., the number of instances
is 6,400 with a dimensionality of 7. As typically done in gene expression analysis
[41], missing values were imputed using nearest neighbor imputation.

Now, determining the learning curve is somewhat different from the previous
experiments. For a random draw of genes, we find the K-means solution and
use the means to assign all 6,400 data points to the K clusters. The cluster-
ing quality is then measured by a GO enrichment analysis, following standard
pipelines such as those from biclustering [12,30,34], in which only the largest
gene clusters are evaluated, considering the smaller ones noise. In our case, we
kept half of the clusters. A cluster is considered relevant if at least one GO term
is overrepresented at a given significance level. The quality of the clustering is
the fraction of evaluated clusters that are considered relevant.

The five significance levels, i.e., p-values, at which we perform the analysis
are 0.05, 0.01, 0.005, 0.001, and 0.0001. We consider K-means with K = 20 and
K = 40. Since the validation is very time-consuming,® we evaluated the learning
curve for K = 20 over training set sizes 100, 200, 300, 500, 750, 1,000, 2,000,

5 https://www.thermofisher.com/us/en/home/references/ambion-tech-support/
transcriptome-analysis/tech-notes/analysis-of-microarray-data.html.

6 The enrichment analysis is performed via the FuncAssociate web tool, available at
http://llama.mshri.on.ca/funcassociate/, entailing a web call for every cluster at
every level of significance.
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Fig. 1. Top to bottom, learning curves for a selection of two-class subproblems (4-letter
abbreviations for the cancer types are from TCGA): blca vs brca, breca vs prad, cesc
vs lusc, and dlbc vs lusc. Vertical axes: performance in terms of MSS, ARI, NMI,
and purity, from left to right respectively. Horizontal axes are logarithmic and show the
training set size used. Axes scalings may differ. The figure is best viewed electronically.

3,000, 4,000, and 6,400. For K = 40 we took 250, 500, 1,000, 2,000, 4,000, and
6,400 genes. We repeated the experiments 100 times.
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Fig. 2. Learning curves on yeast cycle. The top row is for K = 20, the bottom for
K = 40. The columns contain the results for different p-values in the GO validation
from left to right: 0.05, 0.01, 0.005, 0.001, and 0.0001. Vertical axes: performance in
terms of the fraction of relevant clusters. Horizontal axes are logarithmic and show the
training set size used. The figure is best viewed electronically.
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The results in Fig.2 further corroborate the general occurrence of counter-
intuitive behavior. Especially when using K = 20 (top row), the best results
(all statistically significant) are obtained with sample sizes considerably smaller
than the complete dataset. For K = 40 (bottom row), only for the right two, the
best performing training size is statistically significantly better (< 0.05) than
using the full set; for the plot on the left we find p = 0.059.

3.4 Two Synthetic Datasets

In research, one way to try and understand more complex behavior is by design-
ing toy models/examples that display some of the behavior we aim to understand
[31]. In our final experiments, we consider two artificial datasets, where the true
labeling follows directly from the generative process that defines the data.

Fig. 3. Contour plots of the densities of the two artificial datasets leading to worsening
learning behavior. The pairs of crosses indicate the globally optimal cluster centers.
Twogauss, on the left, has one such optimum. For oneeye, on the right, there are two
global optima: the two +s or the two Xxs.

The first, referred to as twogauss and displayed on the left in Fig. 3, consists
of two elongated Gaussian classes in two dimensions with means at (—0.6,0) and
0.16 0

0 1
the Bayes error is smaller than 0.07, and two well-placed means can attain this
error. However, K-means will not find them because the variability in the vertical
direction is too large. In the figure, the two black crosses indicate where the
optimal means, in terms of the MSS objective, are located. These provide a
solution that is completely at odds with the true classes. With more and more
data, the K-means’ solution gets closer to this suboptimum. As a result, the
clustering quality becomes worse with increasing training set size (while the
intrinsic MSS loss consistently improves). The top row in Fig.4 provides the
accompanying plots. This example shows an extreme case: the more data we
train on, the worse the quality of clustering becomes.

The other dataset, referred to as oneeye and depicted on the right of Fig. 3,
is a variation to mimic the possibility of, first, an improving quality measures,

(4+0.6,0) and equal covariance matrices . The class overlap is modest:
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Fig. 4. Results on the twogauss (top) and oneeye (bottom) datasets. On the vertical
axes is the performance in terms of MSS, ARI, NMI, and purity, from left to right
respectively. The horizontal axes are logarithmic and show the training set size used,
ranging from 2 to 1000.

followed by a deterioration. The one class is a Gaussian with mean (0.3,0,3)
and covariance 8—11] . The other class is generated by first sampling a location
uniformly at random from the arc in the top-right quadrant from the unit circle
and then adding zero-mean Gaussian noise with the same covariance 8—11[ . The
two global optima are given by the pair of pluses and the pair of crosses, respec-
tively. With moderate amounts of training data, the two means we find are more
often in between these two extremes, which leads the one mean to capture most
of the red class and the other to capture most of the blue and therefore is better
than the solutions that are globally optimal in terms of the MSS. The three
bottom plots on the right in Fig.4 show how the learning regime changes over
increasing training set sizes. As for all other examples, the MSS shows regular
monotonic behavior.

These two-dimensional examples, enable us to visualize how (initially) coun-
terintuitive behavior may occur. However, this also makes it easy to see how
K-means fails. One might then object that K-means should not be used in these
settings. However, the point we want to make in the first place, is that it at all
can happen that the performance is worse for a large training set than for a
small one and that we understand how this could happen. Clearly, in real-world
settings, one often cannot check any of this due to the absence of labels, or
because of the high data dimensionality of the problem, etc. In those cases, one
can only rely on the kind of insight such as the current work offers.

4 Discussion and Conclusion

The experiments provide the valuable insight that K-means clustering can show
nontrivial behavior with, at times, deteriorating performance with an increasing
amount of data used to build the clustering model. Qualitatively, the behavior
seems rather similar between the different quality measures.

This information is relevant to the clustering practitioner because it is valu-
able to know that such behavior can at all happen and that the best performance
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is not necessarily attained by using the complete dataset. The insight in itself
should be of interest to the clustering researcher. Furthermore, our findings sug-
gest new ways to broaden the applicability of K-means as such. For example, one
of the major surveys on gene expression clustering, [19], claims that research has
moved away from K-means as this method has relevant drawbacks. One of those
drawbacks is the computational burden large dataset sizes cause. However, our
work suggests that in certain settings one can have both less data and better
performance.

By constructing examples using synthetic data, we have shed some light on
the potential origins of this behavior. Of course, we do not think this is where it
should stop. In fact, the real-world data seems to display nonmonotonic behavior
that can be quite a bit more dramatic. Are we able to construct synthetic data
that leads to curves similar to those in Fig. 1?7 Can we, more generally, identify
every underlying mechanism that can lead to such behavior? Can we characterize
it for some quality measures? Such a deeper understanding would also be of
much use to the practitioner as it provides some control over the influence of the
training set size.

A major open question is of course whether similar observations can be made
for other clustering methods. It is possible to set up similar studies if the cluster-
ing method has a mechanism that permits assigning new points to the clusters
identified in the training set. Even if, for many clustering approaches, there may
be no natural way of accomplishing this, the class of methods for which it is
possible is extensive: all K-means variants (including the so-called Generalized
K-means models, in which models replace means), mixture models like Gaussian
mixture models, and exemplar-based methods [21], to name a few. While we
do not offer solutions, identifying nonmonotonic behavior is an important step
toward a better understanding of clustering, both in theory and in practice.

Disclosure of Interests. The authors have no competing interests relevant to the
content of this article.
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