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51
. Compactly generated t-structures in DCR)

H

R commutative noetherian
, SpecR with Hochster dual topology :

X SpecR Open # X is union of Zariski-closed

THEOREM [Alonso-Jeremias-Saorín'10 ,
Hrbek-Nakamura'21]

H
:-> Op (SpecR)

Compactly generated intermediate-> decreasingS t-structures in DCR) & 1 : 1 S &

Ja : Pa) = Spect &&

(UE : = (x = D(R) : SuppH
*
(x) <E() Frek]

,
VE 18 · 76 :(b) = q

↑e : 1 : /

S
Grothendieck hearts of

3 m {f : Speck->
*

-m(f) bounded]Smashing t-structures 2 increasing
a DabR) 8

* T

[R(P)5-f(t) : RespecRET - f
(fel=EEEGEn+1]

↑
What is the role ofthese objects ?



52. The Gabriel filtration
DEFINITION C Grothendieek Category .

The Gabriel filtration of G is :

0 = G ,
G - --G, Ga+ E --- EG

G/G and 9.= (Loc (simp G/VGPa BB

G is Seminoetherian if Jd : G = G .

Write d = Odim G.

#f G is Seminoetheriam
,
write GSimp(G) = [Pa(SimpG/G:l

Example : R commutative notherian
, G = ModR KimR<*

&

Then ModR is Seminoetherian ,
Gdim (ModR) = Kim R

,

and

GSimp (ModR) = <k(f) : -Speck)



53. The Gabriel Spectrum
VEGSpecG closed ifDEFINITION GSpeeG := Ind(Injg) 7 (r

,
F) hereditary torsion pair : V = Espegn5

Example :
R commutative notherian G = Modt

Espec (ModR) [Matlis] EspeeC = (Ep := E(R/1) = E(r(e)) :# Spee (R)]*

SpeeHR S (Gabriel] UE Espec G open>Freq ,Efe = Equ

hereditary torsion
Grupp i S classes in G & -> Op(EspecG)

T GspecG)(EspecG1T
+)

T +
u

u
: = U



#HOREM (Burke'94] If G is Seminoetherian
,
then :

[Popescu'73] (1) GSimpG-> GSpeeG is a bjection .

S 1 - E(s)

(2) E(S) is isolated S is simple
(3) GlimG = CB- rank (GSpeeG)
(4) GSpeeg is To

#9 +

9/0 = 9 G. g, ... G
, 69cE ... G = GG= j(Loc (simples) supp

X = GSpeeG p =XX. EX ... EXEXaHE - - . EX =Xa
Xr =U viso(

-

Example : Gsimp(g) =< : P prime ,Q Espec (G) = <E(pt) : pprime , Q)
G = Mod

Esupp (GLocpprime)
=Tormo

4E(po) :pprime]EX= EspeeG



53. The Gabriel Spectrum ofZE
(u

,
r) = (UE ,VE)

intermediate compactly generated in DCR)
E : Spec(R) = Ela) = Ela+ 1) 2 . -- =(b) = 4

Hp Grothendied heart
-

[k(f)[ f(q)] : ESpeeR]TE fi : Spee(r) K

#1 n : EP(n))[(n+ 1)

THEOREM [Hrbek - Paron-v'24] R Commutative noetherian
,
kdim R x

(1) Ig is Seminoetherian (> GSpecTE is To

(2) GSimp[g = (k(f)[-f(q)) : Pe Spez(R))
(3) emp [kdim (r)\En+ 1)) Gaim Te Kim R
re[aib]

(4) Espec RE is Alexandrov . (arbitrary intersection of open sets is open)



Four key ideas : Ho Mod R (n]
D(R)

-

I / / & &
Right cosilting mutation -

& 8 -

[Angeleri Hügel-Laking -Storiek -V'22] u
-

V M M
[Paron - V'21]

Espect SpräREGspec (ModR(n))E
1 = 1 1 = 1 & t 8 1 : 1-

I hereditary torsion & Geuppy Op(GSpecT Espect Spec
# classes in Je

P
-

-

& ! t
supp =>

V

P(Spear) =-:---> PCOSpecte) Op(oSpecHel) = Seuppr : Thereditary torsin eclass

To op (SpeetR)



# Seminoetherian

↑ hereditary torsion class P= luppTESpect R
-> - -

- Ab
~

V = p
HE E

4
HEYT

-> - has a simple : ↓
I

isol (specHR(v) = p
.

isol (Spectriv)ni = &

# Alexandrov

V(T
, F) hereditary in H

P S↑E supp
+ => k(f)[- f(f)] = T

= + - tupp + => E(k(q)[- f(f)]) = F
=> k(f)(-f(f)] = F

Every indecomposable injective has a hereditary - torsion-simple subobject !
[Paron'24]


