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Chapter 1

Sobolev spaces

Some very nice examples are in [2].

1.1 H™(Q)

1.1.1 QCR
HY(Q)

We can define H*(Q) in the following way: it is the subspace of L?(2) of
functions u for which there exists ¢ € L?(2) such that

/w’z—/gw Vi € C(Q)
Q Q

We will denote g by «'. This definition is equivalent to the definition with
distributional derivatives.

Theorem 1. If u € H'(Q), there eists (unique) i € C(Q) such that
u = u almost everywhere

and

We will call @ the continuous representative of the class of equivalence of
u. We will often indicate it simply by v when necessary. For instance, if we
want to write u(xg), o € Q. The scalar product in H(Q) is

(u,v):/uv—i—/u’v'
0 Q

with the inducted norm.



8 CHAPTER 1. SOBOLEV SPACES

H™(€)

We can define H™(Q) in the following way: it is the subspace of L*(Q) of
functions u for which there exists g1, go, ..., gm € L*(Q) such that

/uso‘j) = (-1) / g9 Ve € CX(Q)
Q Q
We will denote g; by w9 (u/,u”, ... u™).

Hy ()

H}(Q) is the closure of C}(Q2) in H'(Q). If Q = R, then H}(R) = H'(R).
Since C°() is dense in HJ (), its closure is H} () itself.

Theorem 2. If u € H'(Q), then u € H}(Q) if and only if u =0 on 0N.

If Q@ = (a,b), this is precisely a case in which the function u such that
u(a) = u(b) = 0 is the continuous representative (of the class of equivalence)
of u. Another way to characterize Hg () is the following: u € H}(Q) if and
only if w € H'(R), where @(x) = u(z) if z € Q and u(x) =0 if r € R\ Q.

1.1.2 QCR" n>1
HY(Q)

The definition is analogous, we have to replace the derivative with all the
partial derivatives. One main difference with the one-dimensional case is
that there are functions, like the following

k
1

uz,y) =|log——] , 0<k<1/2

that belongs to H'(Q2), Q = B(0,1) C R?, but it is noway possible to find a

continuous representative @ for it. So, Theorem [I] does not hold.

1.1.3 H}(Q)

H}(Q) is the closure of C}(Q2) in HY(Q). If Q = R", then Hj(R") = H'(R").
Since C°(Q) is dense in H} (), its closure is Hj () itself.

Now, Theorem [2 cannot be stated in the same way: in general, there is
no continuous representative which is zero at 0€2. Still, it is correct to think
to functions in H} () as to the functions in H'({2) which “are zero at 9£2”.
Let us see in which sense.
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Theorem 3. If 9N is sufficiently reqular and v € H*(Q) N C(Q), then u €
H} () if and only if u =0 on 0.

Moreover, it is possible to characterize H}(f2) as above: u € H}(Q) if and
only if u € HY(R"™), where u(z) = u(z) if v € Q and u(z) =0if z € R\ Q.

Theorem 4. If() is a bounded open subset of R™ with OS2 sufficiently regular,
then there exists a unique linear continuous operator T: H*(Q)) — L*(0N2)

such that -
Tu = u|aq ifue H(Q)NC(Q)

| Tul|z2(50) < Cllullmio)

The operator T is called trace operator and the function Tu € L?(0N) is
called trace of u on 0f).

It is in fact not necessary to consider 92: if ' ¢ R"! is sufficiently
regular, it is possibile to define the trace operator

T: HY(Q) — L*(I")

in the same way. The operator T is not surjective on L?(9€2). The set of
functions in L?(99) which are traces of functions in H'(Q) is a subspace of
L%(0Q) denoted by HY2(052). We have H'(02) C HY2(92) C H°(00Q) =

L2(0R). If u is more regular, so is u|sq in the sense that
T: HYQ) — H*12(0Q) € H*1(09)

Given v € HY(Q) and uP € HY2(9Q), if we require that “u = u” on
O or “ulsq = uP”, we really mean that Tu = uP (almost everywhere). We
notice that for n > 1, the functions in H'/2(9Q) may be discontinuous. In
fact, if you take, for n = 2,

k
1 1

then w € H'(B(0,1)) and it is not conitnuous. Now you can consider as
domain half of the disk B(0,1): then the trace of u at the diameter is still
not a continuous function. On the other hand, functions in H'/2(992) cannot
have jumps.

Finally, we can define

HY(Q) =ker(T) = {u € H'(Q): Tu = 0}
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We can consider the following line source for I'y a line in  C R? and v €
Hy(Q)
l(v) = / Tudy
Iy

Clearly, ¢: H' — R and

C.-S.
[£(v)] < A [Toldy < ClToll 2,y < Cllollgig)
4

therefore it is bounded.

1.2 Embeddings (see [1, p. 85])

Given an open bounded set ) C R™, we define C™ () as the subset of C™(2)
of the functions u for which D%u is bounded and uniformly continuous on {2
for 0 < |a| < m. It is a Banach space with the norm

|ullem@y = max sup|Du(z)]

0<lal<m ze
If @ C R™ is “sufficiently regular” and m > n/2, then
HIT™(Q) = C/(Q), j=0,1,...

We mean that if u € H/*™(Q) there exists @ € C/(Q) such that @ = u in
H7*™(Q) and
i) < KlJulgitm @)



Chapter 2

Triangulations

2.1 Quasi-uniform onedimensional discretiza-
tion

Given the interval [0,1] and a discretization T, of n + 2 points {z;}*}, we

say it is a quasi-uniform discretization if

m+1) hpn>e>0

where Ay, = minj<j<p,1{x; — x;_1} and € does not depend on n. For in-
stance, the discretization given by z; = i/(n+ 1) is, of course, quasi-uniform.
If we consider x; = (i/(n + 1))?, we have
(n+1)
n+1) hpn=—2
( ) (n+1)2
and therefore it is not quasi-uniform. If we consider z; = 1/2 — cos(in/(n +
1))/2 we have
— cos 2 4 cos DT

(n+1) il 5 "L — (p+1)sin

(20 — 7 . T
2(n+1) " 2(n 1 1)

from which

1) - Ao = 1 2"
(n4+1) - hpin = (n+ 1) sin CEY

and therefore it is not quasi-uniform.
Finally, if we consider a discretization given by n + 1 intervals of length

n
ho, ho?", ey hoT

with r > 1, we find that
r—1

,rn—&-l —1

h():

is the minimum interval and (n + 1) - kg is not bounded from below.

11
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2.2 Two-dimensional triangulations

We have a set of sites S = {sy, So,...,8n} in R? assuming that no four sites
are co-circular.

The circumcenter of a triangle is the point where the three (perpendicu-
lar) bisectors meet. It is the center of triangle’s circumcircle.

A graph is a set of sites and arcs (called edges) connecting some of the
sites.

A planar graph is a graph with no intersecting edges.

A planar straight line graph is a planar graph whose edges are segments.

A connected graph is a graph in which any pairs of sites is connected by
a finite sequence of edges.

The convez hull of a set of sites is the smallest convex set containing all
the points.

The bisectors between pairs of sites are straight lines that partition the
plane into m convex regions, one corresponding to each site s; (by induction).
Each region is called Voronoi polygon of s;: it is the set of points which are
closer to s; than to the remaining sites in S. The partition of the plane is
called a Voronoi diagram of S. The vertices and the edges of the convex
regions are called Voronoi vertices and Voronoi edges.

Proposition 1. The number of Voronoi vertices is 2(m — 1) — h and the
number of Voronoi edges is 3(m — 1) — h where h is the number of vertices
on the convex hull of S.

Proof. First of all, we consider a circle intersecting the unbounded edges
of the Voronoi diagram and consider the resulting planar conncected graph
made of Voronoi vertices, Voronoi edges and the additional edges for each
uonbounded Voronoi polygon. Of course, they correspond to the number of
vertices in the convex hull of S, and therefore they are h. For this graph,
2F = 3V, where E is the number of edges and V' the number of points. In
fact, there are three edges departing from any point and in this way any
edge is counted twice. Then, we use Euler’s formula V — E + F = 2 getting
V =2(F —2) and F = 3(F — 2). With respect to Figure 211it is V = 8,
E =12 and F = 6. The number of Voronoi vertices is V — h and the number
of Voronoi edges is £ — h. Since F' = m+1, we have 2(m+1—2) —h Voronoi
vertices and 3(m + 1 — 2) — h Voronoi edges. O

Proposition 2. The circle with center a Voronoi vertex and passing through
the (three) sites that defines its center has no other sites in its interior.
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Figure 2.1: Voronoi’s diagram.

Proof. By definition the center is the Voronoi vertex closest to the three sites.
If another site would be inside the circle, then it would be the closest to the
vertex, in contradiction with its property. O

The dual of a Voronoi diagram is obtained by joining pairs of sites whose
Voronoi polygons are adjacent.

A triangulation of sites is a set of straight line segments which intersect
only at the sites and so that every region internal to the convex hull is a
triangle.

Proposition 3. The dual of a Voronoi diagram is a triangulation.

It is called Delaunay triangulation. It is unique if no four sites are co-
circular. Otherwise, the dual of a Voronoi diagram contains regions which
are not triangles. In this case, any triangulation obtained by adding edges
to the dual of a Voronoi diagram is a Delaunay triangulation.

A Delaunay triangulation maximizes the minimum angle of the triangles
among all the triangulations.

2.3 Some other definitions

A family of triangulations 7j is said regular if there exists a constant § > 0,
indipendent of h, such that

h

ks, vIteT,
Pk
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where hy is the diameter and p; the radius of the inscribed circle of the
triangle 7. Regularity excludes very deformed triangles, that is with small
angles. In this sense, Delaunay triangulations are optimal.

2.3.1 Minimum angle of a triangle of a regular trian-
gulation

Given p the radius of the inscribed circle in a triangle of edges a, b and c,
area A and semiperimeter p we have

A=(a+b+c)p=pp

On the other hand, by Erone’s formula

p:

Vil =)= )p—0) :@_a)\/(p—b)(p—c)

[ p(p—a)

Now, from

o« /1 — cos a /1 + cosa b? + 2 — a?
SIN — =4/ ———, COS— =4/ ———, CcoOSqx = —>——
2 2 ’ 2 2 ’ 2bc

we get

and therefore

pz(p—a)tan%

Then
h

(p—a)tan§ —

If the diameter h is a, the minimum value for a/(p — a) is 2, attained for
a="0b=c. Ifnot, h/(p—a) > 2. Therefore,

tan — >

| e
SN

Since this reasoning is independent of the choice of the angle, we conclude
that any angle has the same property. A related question is: how many
adjacent triangles are there? There are the three which share an edge with
the given triangle. Then, any adjacent triangle insists with an angle (bounded
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as seen) on one of the three vertices. Therefore, the number of adjacent

triangles is

)
n<— -3

2 arctan %

The number 57 is the sum of external angles of a triangle and —3 comes from
the fact that the three triangle sharing an edge insist with two angles.

2.3.2 Constrained triangulations

A constrained Delaunay triangulation of a planar straight line graph is a
triangulation in which each segment of the graph is present as a single edge
in the triangulation. It is not truly a Delaunay triangulation.

A conforming Delaunay triangulation of a planar straight line graph is a
true Delaunay triangulation in which each segment may have been subdivided
into several edges by the insertion of additional vertices, called Steiner points.

Steiner points are also inserted to meet constraints on the minimum angle
and maximum triangle area.

A constrained conforming Delaunay triangulation of a planar straight line
graph is a constrained Delaunay triangulation that includes Steiner points.
It is not truly a Delaunay triangulation, but usually takes fewer vertices.

2.4 Algorithms

There are several algorithms to make a Delaunay triangulation. It holds the
folowing

Proposition 4. The Delaunay triangulation of a set of m sites can be com-
puted in O(mlogm) operations, using O(m) storage.

See, for instance, the code [13].
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Chapter 3

Strong, weak, distributional, 9

3.1 Strong or distributional?

We may think to
— Uy = f, €Q=(0,1) (3.1)

(which is usually called strong formulation) in a distributional sense. Let
v e CX(Q) and u € HJ(Q2). Then L, defined by

is a distribution (it belongs to (L?*(€2))’, too). As usual, we identify u and
L,. Since u € H} (), it has a distributional derivative u, € L*(2) such that

<D1LU,U> —(Ly,v) = /uvz /ux

We consider now the distribution L,,, applied to v,

1 1
<Lum7U3:> = / Uy Vg = _/ UVgy = <_D2Lu,U>
0 0

Moreover, if f € L*(Q) we have

[ ro=tepn

Therefore, from the weak formulation (valid for u € H}(Q) and f € L*(Q2))
we have

(=D?*Ly,v) = (Ly,v)

17
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of which (B is just a short notation. This means also that, if f € L?(Q),
then u € H*(2). In this sense, we can also write

— Uy = 46(x — 1/2)

where we mean

(=D*Ly,v) = (Ls, ,v) = v (3)

2

3.2 FD for Poisson problem with §

In order to use Finite Differences with
—Uyy = 46(x —1/2), x€(0,1)

we have to split the domain into its left and right parts. We get, easily,

L 1
—Ug, =0, O<z <<
2

R 1
—uy, =0, §<x<1

u™(0) = u(0)
ut (3) = u* (3)
and then we take the weak form

1
/ UV, = 4v (%)
0

split the integral and integrate by parts

1 1
et = [ abo o]y = [l = (3 (3) —o () (3) =40 (})
0 =

2

from which
L (1 R (1) _
Uy (5)'_/ux (5) =4
m = 11; % odd number, at least 5
x = linspace(0,1,m)’;
h =1/(m-1);
A = toeplitz(sparse([1,1],[1,2],[2,-11/h"2,1,m+1));

% the unknown is u = [uL;uR]
A(1,1:2) = [2/h~2,0]; % uL(0)=0
A((m+1)/2,:) = 0;
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AC(m+1)/2, (m+1)/2: (m+1)/2+1) = [-1,1]; % ulL(1/2)=uR(1/2)

A((m+1)/2+1,:) = 0;

A((m+1)/2+1, (m+1)/2-2: (m+1) /2+3) = [1,-4,3,3,-4,11/(2%h); % ulL’(1/2)-uR’(1/2)=4
A(m+1,m:m+1) = [0,2/h"2]; % uR(1)=0

rhs = zeros(m+1,1);

rhs((m+1)/2+1) = 4;

u=A\rhs;

ul = u(1l: (m+1)/2);

uR = u((m+1)/2+1:m+1);

plot(x(1:(m+1)/2) ,ul,’*’ ,x((m+1)/2:m),uR,’0’)
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Chapter 4

Approximation theory

See [7].

4.1 One dimension

If w e H}(0,1) and w|pr € C2(TF) for each T} € Ty, then by Rolle’s theorem

(w = Ty gy ()| =

[ o= Tyl oar] -

2k

/ w”|T;;(t)dt‘ <

2k

(4.1)
< hy, max|w” ()|
xET,’f

By the way we have

(w0 = Tyw)' (@)l

Tk
< / ()| de

Tp_1

which is true even if w € H?(TF), since w' is absolutely continuous. Hence

K K 2
lw — Tyw|3 = Z/ (w — Tyw)' (2)dz <Y hy (hk ma>k<|w"(x)]>
=1 7T k=1 o€l

If we take h = maxj<p<x hi, then

K 2 2 K 2
" " . "
E R, (hk ma>k<]w (:c)|) < (h 12%%)%12%}(\10 (x)|) E hy, = (h 12{85%222;?]10 (a:‘)])

T
k=1 & k=1

and hence

~—

lw — Zyw|gp < h max max|w” (z
1<K<K gerk

21
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Then we can write

(w = Zhw) g (z) = /93 (w = Zpw)'| s (t)dt @ hy, - hy, max|w ()]

ZTp_1 xET

and therefore

2
|lw — Thwl||7s = Z/ [(w — Zyw)(z)Pdz < th <h2 max|w (x )]>

and hence
|lw — Zywl|| 2 < h* max max|w”(z)|
1<k<K eTk
Finally
|lw — Zhwl| g9y < V1 + h? max max|w”(z)|

1<k<K zeThk

Now we introduce the space
H*(Q,Th) = {w € Hy(Q): wlpw € H*(T;) Yk =1,..., K}

with the broken seminorm and norm

K

w05 = D0l
k=1

|w||H2 (,Th) ZHwHH2 k)

We have

o o o v o 2 1/2
(w —Ihw)’|Tsz(a:)’ S/ lw"(z)|dx < / 1°dx / |w"*dx <
Tp_1 Tp_1 T_1

- 1/2
< h]1€/2 / ]w"|2dx
Tr—1
and therefore

Tk Tk Tk
/ (w — Tyw) (2)] de < / (hk / |w"(x)\2dx> di —
Tp_1 Tp—1 Tk—1

Tp
= hi/ lw” () |*dz

Tp—1
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Hence

K
(W = Zhw| gy < Zhﬂwlfqg(ﬂf) < hlwlmz7,) < hllwllp2@7)
k=1

Moreover

(w = Zhw)|pe(x) = /w (w — Tyw) (t)dt

Tk—1

and therefore

< n? (hz / |w”(1’)|2dx>

T Tk
/ lw — Zyw|” dz < hkhi/ lw" (x)|*dz

Tk—1 Tk—1

Lk —D. Lk 1/2
(0= Tl @] < [ I(w- Ty @) < ( |- zhw>'<w>|2d””> =

1/2

Hence

and

K
lw = Tnwllze < | Y Bkl g < B2 lwlmem) < Bllwllmzen)
k=1

Finally,

K
lw = Tywll s < | DR+ Rl gy < WY+ 2 wlieam) <
k=1
S h\/ 1 —|— h2||wHH2(Q77-h)

4.1.1 Example

If we consider

Uy = [ xeQ=(0,1)
u(0) =u(l) =0
with
0 wxi-d
fn=1<2n %—%<x<% %
0 z>141

n
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then the corresponding solution wu, € C*(Tf) if the points § + + are dis-

cretization points (even if n — oo), while u,, € H*(Q) (and therefore u,, €
H?(Q,Ty)) for any set of discretization point, but, if n — oo, it is only in the
space H*(Q, Ty) if § is a discretization point.

4.1.2 Nodal superconvergence

For the one-dimensional Poisson problem

1
a(u,v) = / Uz Uy = L(V)
0
we have u, = Z,u, where uy, is the solution of

a(un, ©;) = (i), Yo

In fact
0= [ tunle) = uta)) ) =3 [ (wna) — u(@)pi(a)to =

= > (un(@) —u(@))gi(2)l5k_, — /k(uh(l‘) — u(z))g; (z)dz =

_ (un (i) — u(zi)) _;(:h(xi_l) — U(ﬂfi—l))+
(un(i+1) = w(@is1)) — (un(2s) — u(zi))

hiJrl

and therefore the vector uy(z;) — u(z;) satisfies the linear system

up(x1) — ulxy)
Ay, : =0

up(x,) — u(xy,)

with Ay, the (SPD) stiffness matrix.

4.1.3 H' norm general bound

We have, for w, € Xj, and a(-, ) coercive and continuous

a(u—up,u—up) = a(u—up, u—wp) +alu—up, w, —up) = a(u—up, u—1wp)
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Therefore
aflu—unlip < alu—up, u—up) = alu—up, u—wy) < Bllu—up| g ||u—wy | m

from which

5.
lu —unllgr < o inf flu—wpf|m
If a is symmetric, then we have

a(u — up,u —up) = wirelgf a(u — wp, u — wp,)
h h

and thus
allu—unllip < inf Bllu—wylin
whEXh

which is sharper than the previous since 5 > «.

4.1.4 Output functionals

We have the following results:
o if (0 € H7'(Q) then |(°(e)| < Cllell gy < Chllull o)
o if (9 € L*(Q) then [(O(e)| < Clle]l o) < CP? |lull 207,

They come from boundedness and common bounds on e. Moreover, with the
help of the ajoint variables ¥ and ¢,

o if (0 € H7'(Q) then |((e)| < CR |lull 2.7y [¥ Nl 520073

that is, even in the more general case (© € H=1(Q2), £°(e) € O(h?).

Example

Given the discretization {z;};, is

©(e) = Hl?X|€($i)|

bounded in H}? Yes,

7 c.s. 73 1/2
) =ete) = [ ¢lonte S a ([T@Pan) < vl < el
0 0
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Chapter 5

Quadrature and assembly in
one dimension

5.1 Quadrature formulas

Let us consider the problem to approximate

/ @t [ @

Ti—1

for a “inner” hat test function ¢;(z). Let us suppose for semplicity that
hi=hi=1,2 .. n—1.

5.1.1 By interpolation (mass matrix)

If we consider to approximate
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then
i+1

/:jlf(x)%(x /xlﬂ (Z Flz;)0;(x ) J(2)de =

Jj=i—1

= /1’ (f(xis) i1 (x) + fx)pi(x)) s (x)da+

I /xi+l(f(xi)90i($) + f(@iv1)pir1(2))ps(z)dz =

h

P+ (5 +3 ) £ + ¢ o)

The error in the approximation of a function f € C? by piecewise linear
polynomials is proportional to h%. Therefore

/:jlf( x)pi( dx_/w“lrl (if z;)pi(x +(’)(h2)> J(2)de =

T4

h h h

= gf(l'zel) + (g + g) f(x;) + €f<xi+1)+

~o(?) [ piwys -

Ti—1

- %f(xi—ﬁ + (g T g) fz:) + %f<xi+1) +O(h*)h

Therefore the global error is O(h?).

5.1.2 By trapezoidal rule

We can approximate

/ ziﬂf(@%(x)dx — / ; f(@)pi(z)dz + / o F(@)pi(x)dz ~

Ti—1 Ti—1 Z;

S (04 F@))y + () + 0

The quadrature error for the first intergral is

%(f(x)%( )) i h—(f”(gl )5 ;xi—1+2f/(§i—1))

where &;_1 is a point in (z;_1, ;). For the second integral we have an error

h? " h? 1" Tiv1 — gz 2f,<€2)
@)l = i (et 2
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where &1 is a point in (z;, z;41). Their sum is

B (2L 2016

(Qf'(xz) + 2" (1) (S — mi) — 2 (2:) — 21" (i) (& — fz’))
h

= O(h*)+

12
= O(h?)

Therefore a global error O(h3) if f € C%. The same consideration holds if we
consider quasi-uniform meshes.

Mass matrix by trapezoidal rule

Let us compute the mass matrix. We have

M= [ o@eie = [ pEaEdet [ e -

Ti—1 Ti—1 T4
his e
- ifj=i—1
_ ) hicathi e o -
= =5 ifj=i
h; . s
T ifj=i+1

If we try to approximate by trapezoidal rule the computation of the mass
matrix, we get

Ti41 T Ti4+1
/ x)dx —/ gpj(:n)goi(x)dxjt/ ;i(z)pi(r)dr ~

hz’—l + hz

h,
S+ ()= = 0y 5

~ gpj (‘rl) 2

2

It is equivalent to the operation of lumping, that is to sum up all the elements
of each row of the exact mass matrix.

5.1.3 By barycentric formulas

Let us start with the midpoint rule to approximate
T Tit1
| t@e@dcs [ e~
Ti—1 T4

Ti_1 + X h x; + Tit+1 h
() e ()
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With the same arguments above, the error is O(h?) if f € C?>. Then, we
substitute

f (I - x) @) @) oy - f 4 o)

9 2
f <:cz +2l’z'+1> _ flz) +2f(x¢+1) +O(h*) = fi + O(h?)

keeping the same O(h?) global error. The same consideration holds if we
consider quasi-uniform meshes. The final form can be written as

[ r@ea [ e
~ fz’—l/'i SDi(Jf)dx—l-fi/vi pi(x)dr =

= fisig + fig

2

5.1.4 By Gauss—Legendre quadrature

Gauss—Legendre quadrature with one node coincides with the midpoint rule.
With two nodes, the nodes in the interval (—1, 1) are £4/1/3 with associated
weights both equal to 1. The error for the approximation of

/:_1 J(@)gi(x)dw + /:m f(x)pi(z)dx

3

is O(h®) if f € C*. This formula is the qf2pE formula used by FreeFem++,
while the default formula used by FreeFem++ is qf3pE, the Gauss—Legendre
formula with nodes 0 and ++/3/5 with associated weights 8/9 and 5/9.

5.2 Assembly

Let us see a general implementation strategy for FEM. Suppose we have
M elements {¢,,}"_; (in the one-dimensional case, the intervals) with the
associate points. With respect to Figure 5.1l where n = M + 1, we have

Em,lzmagmﬂzm—i_la ]-SmSM

which means that points x,, and x,,,1 are associate to element ¢,,. The two
basis functions which have value 1 on node ¢, and 0 on node ¢,, 3_, for
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él €2 fm—l gm E!W

Ty T2 Tm—1 T Tm+1 Tn

Figure 5.1: Points (bottom) and elements (top).

k = 1,2, have the form (on ¢,,)

oy 1(1]) _ Q1+ ﬁm,lx _ 1 1 1 1 _ Llpo — T _ Tm4+1 — T
" Am T Ty, o L1 Tl Ltpyo = Loy 1 hm

by () = 2 + Bm 2T |11 / 1 O + _ Tmtw
™ Am o1 X L1 Lo Ltpyo = Loy 1y P

(we mean that ¢, , () = ¢, , () on £,,) and will contribute to the elements

ag and ay, (and its symmetric) of the stiffness matrix

m,klm & klm3—k

1
aem,kém,k :\/0\ wzmyk(x)@2m7k($)dx
k=12

1
azm,kem,ii—k = / Soém’k (x)cpzm’g,,k ('r)dx
0

and to the element f, . of the right hand side

m,k

1
fém,k = approximation of / f (Sﬁ)wem,k (m)dx
0

in this way
a'ij = : : Aém,kém,h
b =i
em,h:j
Ji= E Fo, .
Zm,k:i
where

Agm,kgm,h = /g QS/ém,k (w)gbzm’h ($)d$

Fy,. , = approximation of / (@), (v)dw
E’m
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Hence, for inner nodes,

Ay 11 = A€m71,2fm71,2 + Afm,lfm.l =

Bm12)2 / (5m1)2
= ’ dr + —= ) dr =
/Zml (Am_l L Am
1\’ -1\ 1 1
= dx+/ (—) dr = +
/Zml (Am1> I Am ’Amfll |Am‘

5m 1 6m 2 / 1 1
_ = Appts = | TR = [ - ide=
a’gm,lém,Q aeﬂ’hzzmsl €m71€m,2 /gm Am Am o O A7n Am !
B 1
A

fém,l = Ffm—1,2 + Fém,l

Hence, the assembly is done by
¢ a;=0,1<i,j<n, f;=01<i<n
e FORM=1,..., M
FOR k=1,...,2
aem,kem,k = afm,kzm,k + Afm’kfmﬂyg; f‘ﬁmJg - (]’EZMJC + FNvgm’k
FORh=k+1,...,2(h=1,...,2, h # k non-symm. case)

agm,kgm,h = azm,kem,h + Aem,kgm,h

Aty o = Oty ol (only symm. case)

END
END

END

5.2.1 Barycentric coordinates

Given the element /,,, it is possible to define its barycentric coordinates in
this way: a point x in £,, is defined by the couple (A, ,(z), A, (7)) such
that

Tr = xgnl,l)\ZnL,l (:C> + "IJETVL,2A€7VL,2 (‘,'U)

The coordinates Ay, , () satisfy A, , (24, ) = 6pr and A, | (2)+ Ay, ,(z) = 1.
Therefore, it is A, , (z) = @, ,. ().
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5.3 Some examples

Regularity C"0

Regularity C*1

el
le-1
ntric. o
le-2 |
x X trapezoidal le2 b y lbal’ycgntdncl
rapezoidal
? x O interpolation D
le3f o XX + O interpolation
o x le3f
+ ? o
led p . ]
+

1e-10 3 1e10 F

1le-11 . le11
le+1 1e+2 1643 Te+1

m

Figure 5.2: Maximum error over ¢ = 2,3,...,m — 1 between fol f(z)pi(z)dx
and the quadrature formulas, for f(z) = |z — 1/2|2 and f(z) = |z — 1/2|2
(top) and f(z) = |z — 1/2|3 and f(z) = |z — 1/2|2 (bottom).

We consider the family of functions f(x) = |z — 1/2|P~%/2 € €»~1(0, 1),
p=1,2,3,5, and approximate fol f(x)pi(z)dx. The results are in Figure 5.2
We then consider the Poisson problem

{ —"(z) = f(x)  xe(0,1)

u(0) =u(1) =0 (5.1)

with f(z) = |z — 1/2|P~%/2, p = 1,3. The exact solution is

ule) =~ 3)4(2p+ 5 (‘:c - % Pl (%)P+3/2>

and it is u € HP™1(0,1) (and u € CP*1(0,1), too). The results are in Fig-
ure (3] The right hand side was evaluated either exactly (high precision
quadrature formula) or by the barycentric formulas.
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le-3
— order 2
error in L2 norm
O errorin L2 norm (exact rhs)
le-4 |
o
le-5 \
8
@ o
le-6
o
o
o
le-7
1le-8 !
le+l le+2 le+3
m
le-3
order 2
error in L2 norm
O errorin L2 norm (exact rhs)
le-4 b
le-5
8
5] o
le-6 |
o
le-7 | ©
o
o
1le-8 !
le+l le+2 le+3

Figure 5.3: L? error for the Poisson problem Il p = 1 (top) and p = 3
(bottom).

5.4 Exercises

1. Consider the Poisson problem, written for semplicity in the strong form,

“Oppu = —20(x — 1/2)" x € (0,1)
u(0) = u(1) =0
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(a) Find the analytical solution.

(b) What is the error in the energy norm (H' seminorm) proportional
to when an approximate solution is computed on a uniform grid
with an odd number of points? What is the error in the L? norm
proportional to? Verify your answers by implementation.

(¢) Do the same as above with an even number of points.

(d) Why in this case the classical error bound in the H? broken semi-
norm does not work?
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Chapter 6

Quadrature and assembly in
two dimensions

6.1 Quadrature formulas

6.1.1 By interpolation (mass matrix)

6.1.2 By trapezoidal rule

/ g(x y)dxdy ~ |A | g<x€j,17 yem,l) + g(xzmﬂ? yem,?) + g(Iemﬁ’ yﬁm,S)
gm ) m 3

Mass matrix by trapezoidal rule

Let us start computing

My= 3 [ bale o, (o) = Al
b =i Z 12 i F )
E'm h_j E'm k=t
\ ém,h—.]
If we take the sum over j, we get
|Am| ml [Am| A
= 2 1=ml
2My= 3L AR = 2
J L =1 L =1 Lo =1

The factor 2 comes from the fact that if a triangle has vertices ¢ and j, then
there is another triangle with the same vertices. If we try to approximate by

37
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trapezoidal rule the computation of the mass matrix, we get

A
M DL 0

m,k=1

It is equivalent to the operation of lumping, that is to sum up all the elements
of each row of the exact mass matrix.

6.1.3 By barycentric formulas
1A,
/ﬂf(x,y)soi(%y)dxdy% > fm%
12

m,k =1
where

f o f(xng?yEm,l) + f(xzm,Q’ yem,Q) + f(xgmﬁ? yem,'i)
" 3

6.1.4 By Gauss—Legendre quadrature

The first Gauss—Legendre quadrature formula is

/ g(e,y)dedy ~ |An| g

(mfm,l + Ll 2 + Lz Ylma + Yt o + Y s
L,

= Am )

which is exact for g(x,y) € P;. In fact, due to the properties of the centroid,

(T ) = (20, 0,) = ( / vdady. / ydxdy) /1A
lm I

(you can see it even if you apply the trapezoidal rule to the linear functions
x and y). Now, we have

9(z,y) = 9(x4,,, y0,.) + Vg - (x,y) — (24, Ye,,))

and therefore

/ o(z, y)dedy = / 90, g, )dady + / Vo (2.y) — (@anue,)) dudy =

b lm I

= |An| 9(ze,,., ye,.) + Vg - /g ((z,y) — (z4,,,Ye,,)) dzdy =

= |Am| g(fzm,yem) + Vg - <|Am| (Iem,yem) —/ (xemyzm)dxdy) =
ém

= |Am’ g('xzm?yem)
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There exist high order Gauss—Legendre quadrature formulas for triangles,

involving three (qf2pT), seven (qf5pT, the default in FreeFem++) or more
points.

6.2 Assembly

b Lo

The assembly in the two-dimensional case is not much different from the
one-dimensional case.

First of all, the number of points is m and the number of triangles is n.
Then, we consider the basis function ®¢,, . which has value 1 on node lon ke
and 0 on nodes 0y, 5, h € {1,2,3}, h # k of the triangle £,,. It has the form

k
1 1 1 1 1
Qm | + ﬁm,kx + Ym, kY
(bem,k (x7 y) = 2A = 'sz,l z xﬁm,l} / mgm,l mgmﬁ xzm,3
" yfm,l y yzm,3 yem,l yzm,2 yﬁm,&

where A,, is the area (with sign) of triangle ,,. We need to compute

0 0 0 0
/ ¢€m,k (x7 y) ¢em,h (:U, y) + gbfm,k (.’E’ y) ¢€'rn,h (l’, y) d:L‘dy, h, k — 1’ 2, 3
lon ox ox ay ay

for the stiffness matrix (and also derivatives with respect to y) and

/g F(@. 1), (z, y)dady
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for the right hand side. We have

/ a¢5m k (:E y) a¢€m h h dedy = /Bm,kﬁm,h

. O a 2A 2A YT LA

/ agb@m k (l’ y) agbfm h / Ym,k ’7m h dedy — TYm,kYm,h
. Oy 8 20, 28, Y T LA

and their sum correspond to A, and

mkgmh

f(:E, y)gbgm,k (xv y)dmdy ~ Ffm,k
I

The algorithm for the assembly is
° aij:O,lgi,jgn,ﬁ-:O,lgign
e FORm=1,.... M

FORk=1,...,3

B, kBm.k Y, kYm,k 3 -
ly 1l — Y 1l i + TZ|Am\ + TZ‘AT > flmyk = fﬁmyk + Fémyk

FORh=k+1,...,3 (h=1,...,3, h # k non-symm. case)

_ /Bm,kﬁm,h TYm,kYm,h
B R A 1y N R Ty
Aty e = Wby by (ONLY SYymm. case)
END

END

END

6.2.1 Barycentric coordinates

The barycentric coordinates on element £, are Ay, , (7,y) = @q,. ,(7,y), k =
1,2,3.



Chapter 7

Higher order basis functions

We consider, for semplicity, the homogeneous Dirichlet problem.

7.1 One-dimensional case

In the one dimensional case ) is an open interval and X = H}(Q). We just
consider the space X? = {v, € X: vy|1, € Po(T})}. A polynomial of degree
two on a interval is defined by three points, usually the two extreme points
and the middle point. Therefore, given an original set of nodes {y;}7~, C €,

we have to consider the new set of nodes {z;}2™~! C € given by

Ty = Yi+1)/25 i odd
 Yij2 T Yijppr
T; = B a— 1 even

and the set of basis functions

ei(z) € X7, wi(x;) =6, 1<i,j<2m—1

41
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On the element ¢;, with endpoints ¢, and ¢; 3 and middle point ¢; 5, the form
of @y, , 18

1 1 1 1

o X l’gj’Q X I’gj’S

G () = T 11

1 1) |1 1

o xgjyl T X l‘gjyg
bal®) = T 7 11
Ll Tlja| |Tla Tl

1 1 1 1

_ Top T] |y X
0l0) =T 11
L Teis| [Tl Loy

Clearly now some of the basis function ¢; shares its support with ¢; o, ©;—1, Yit1, Qit2
and therefore the stiffness matrix, for instance, is a pentadiagonal matrix.

7.1.1 Error estimates
The weak formulation is
find u € H'(Q) such that a(u,v) = £(v), Vv € H(Q)

with a bilinear, coercive, continuos and ¢ linear bounded. Therefore we
assume that u € H'(Q). Let us denote the generic triangle (edge) by T and
its length by hg. The maximum length of the triangles is h.

H' norm, X space
Let be uj, € Xj. Then:

o if ue HP(Q,T,) (u “piecewise regular”) and s = min{p, r}

1/2
lun = wlliey < C D0 (B lulorsay) - < O Ju

TFeET,,

Hs+1(Q,Th)
o if u € HPT(Q) (u “regular” and therefore “piecewise regular”) and
s = min{p,r}

s 2 1/2 s
[[un _uHHl(Q) <C Z (hi \U|Hs+1(T;§)) <Ch |U‘HS+1(Q)

TFET),
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Of course, the seminorms on the right end sides can be overestimated by the
corresponding norms.

L? norm, X} space

Let be u, € Xj. If from ((v) = (;(v) = [, fv (therefore f € L*(Q2)) it
follows that u € H?(Q) (it is called elliptic reqularity, for instance, Poisson
problem), then

o if u € HP™(Q,7,) and s = min{p, r}

[|un — U||L2(Q) < Ch**u

He 41 (Q,Th)

o if u e H?™(Q) and s = min{p,r}

[|un — UHL?(Q) < Ch** |u Hs+1(Q)
Of course, the seminorms on the right end sides can be overestimated by the
corresponding norms.

7.2 Two-dimensional case

In the two-dimensional case € is a polygon and X = H} (). We just consider
the space X2 = {vy, € X NC%Q): vu|r, € Po(Th)}. A polynomial of degree
two on a triangle is defined by six points in general position. Usually the
three vertices and the three middle points of the edges are taken. We intro-
duce the barycentric coordinates: any point x in a triangle ¢; with vertices
{1, 29,23} € Q can be written in a unique way as

r = M(2)x1 + Xo(w)xe + A3(x)x3, Ai(z) + Aa(x) + A3(2) =1

We have that \x(z) coincides, on the triangle, with the piecewise linear func-
tion ¢y, , ().

Six distinct points in the plane and six correponding values are not enough
for the uniqueness of the interpolation polynomial of degree two. Even in
the simpler case of degree one, there is no polynomial of such a degree which
takes the values 0,0, 1 in the three distinct points (0,0), (0,1) and (0,2). On
the other hand, there are infinite polynomials of degree one taking the values
(0,0,0) on the same points.

Proposition 5. Given three non-collinear points x1,xs, x3 € ) and the cor-
responding middle points xi9,x13, T2z, a polynomial p(x) of total degree two
is well defined by the values of p(x) at the six points.
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Proof. 1t is enough to prove that if p(x1) = p(xe) = p(z3) = p(x1) =
p(z13) = p(xa3) = 0, than p = 0. Along the edge xox3 p is a quadratic
polynomial in one variable which is zero at three points. Therefore it is zero
on the whole edge and we can write p(z) = A\ (z)wi(x) with wy(z) € Py
(take p(x), divide by A\i(x) and observe that the reminder is 0). In the same
way p is zero along the edge z123 and therefore p(x) = A\ () A2(x)wo(z) with
wo(x) = v € Py. If we now take the point x5, we have

11

0= p(l'lZ) = )\1(.%12))\2(3312)")/ = 557

and therefore v = 0. [

AN

Figure 7.1: m =5, n = 3 (right) and m = 4, n = 3 (left).

Given the number m of original nodes and the number n of triangles, by
Euler’s formula we have that the number of edges is m+(n+1)—2 = m+n—1
(in Euler’s formula it has to be counted also the unbounded region outside the
triangularion). Therefore, the dimension of X7 is m+(m+n—1) = 2m+n—1.

It is not possible, as well, to know a priori the structure of the stiffness
matrix.

7.2.1 Bandwidth reduction

Even in the simplest case of piecewise linear basis function, an ordering of the
nodes as in Figure (left) would yield a sparsity pattern as in Figure
(right). The degree of a node is the number of adjacent to it. We can consider
the following heuristic algorithm, called Cuthill-McKee reordering

e Select a node ¢ and set the first element of the array R to 7.

e Put the adjacent nodes of i in the increasing order of their degree in
the array Q).
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0
. . .
2 . o o . .
° o o °
4 . o o .
. e o o .
6 ° o o
. . e o o
8 o o e o o o o
e o e o o
10 ) ° . e o
. ° . e o o o
12+ o o e o o o o
. ° e o o
14+ o o . o o
. ° . o o
16 - - - :
o] 2 4 6 8 10 12 14 16

nz=75
Figure 7.2: Unordered mesh and corresponding sparsity pattern.

e DO UNTIL () is empty

Take the first node in @): if it is already in R, delete it, otherwise
add it to R, delete it from ) and add to @ the adjacent nodes of
it which are not already in R or in (), in the increasing order of
their degree,

The new label of node R(j) is j. A variant is the so called reverse Cuthill-
McKee ordering, in which the final ordering produced by the previous al-
gorithm is reversed. The ordering produced by the reverse Cuthill-McKee
algorithm with initial node 1 (a node with smallest degree) is shown in Fig-

ure [l

7.2.2 FError estimates
The weak formulation is
find u € H*(Q) such that a(u,v) = £(v), Yo € H*(Q)

with a bilinear, coercive, continuos and ¢ linear bounded. Therefore we
assume that u € H'(Q). Let us denote the generic triangle by K and its
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0 T
e o o
2 © o o o o
e o o o o
4+ . o o .
e o o o o o o
6 . o o o o
o o o o .
8r e o o o o o o
. o o o o
10+ o o e o °
e o o o o o o
12¢ . e o .
o o e o o
141 e o o o o
e o o
16 : :
0 2 4 6 8 10 12 14 16

nz=75

Figure 7.3: Reverse Cuthill-McKee ordered mesh and corresponding sparsity
pattern.

diameter by hx. The maximum diameter of the triangles is h.

H' norm, X space

Let be {7}, a family of regular triangulations of €2, polygonal, convex and
up, € Xj. Then Let be u;, € Xj. Then:

o if ue HPY(Q,T,) (u “piecewise regular”) and s = min{p, r}

hun = ull ey < €Y (B ful

TFeT,

1/2
Hs+1 Tk)) S Chs |U

Hs1(Q,Tn)
o if u € HP(Q) (u “regular” and therefore “piecewise regular”) and
s = min{p,r}

lun = ullrey € (b Ju

TFeT,

) 1/2 ,
HS“(T}’f)) < Ch |U

Hs+1(Q)

Of course, the seminorms on the right end sides can be overestimated by the
corresponding norms.
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L? norm, X space

Let be {7}, a family of regular triangulations of {2 polygonal, convex and
up € Xj. If from £(v) = £y(v) = [, fv (therefore f € L*(2)) and Q convex
it follows that u € H*(Q) (it is called elliptic regularity, for instance, Poisson

problem), then
o if ue HP(Q,T,) and s = min{p,r}

[|un — U||L2(Q) < Ch* u

HsT1(Q,Tn)

o if u e HP*(Q) and s = min{p,r}

[|un — u“L?(Q) < Ch** u Hs+1(Q)

Of course, the seminorms on the right end sides can be overestimated by the

corresponding norms.
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Chapter 8

Discontinuous Galerkin

8.1 mean and jump

Unfortunately, the notation for discontinuous Galerkin methods in [9] and
[] (based on [I0]) is different. Let’s try to understand. With reference to

Figure 8.1l we have

(Vu)* + (Vu)~
2

] =vtnt +ovn", {Vul} =

and these two terms are coupled with a minus sign in front, that is

/Q—Auv:/QVu-VU—Z ] - {Vu}

ecéy €

where &, is the set of internal edges (with homogeneous Dirichlet b.c.).

nt

Figure 8.1: Adjacent triangles.

In FreeFem++, the average (called mean) is defined in the same way but
the jump (called jump) is defined as external value minus internal value.
On boundary edges, mean is simply the internal value and jump its opposite.

49
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Each internal edge is counted twice in the command intalledges, each time
with a different external normal, denoted by N. So, for the internal edge in
the figure, if you call

intallegdes(Th) (mean(N.x*dx (u)+N.y*dy(u))*jump(v) /nTonEdge)

you get
%(Vu*-n‘—;—Vu‘-n_(U+_v)+Vu_~n+42—Vu+-n+(U_v+)> _

= —{Vu} - [v]

being nTonEdge equal to 2 on internal edges. For short, on internal edges,
we can write

Lnn (32) gt - 05

In the same way, on internal edges,

1

S dump(u) jump(v) = [u] - [

Now, on external edges, mean(u) is just internal value and jump(u) is the
opposite of the interval value. The interior penalty method for Poisson’s
equation (with Dirichlet boundary conditions in Nitsche’s way) writes

/Vw VU(H—Z/ mean( )Jump )+ Y /mean( )jump(v5)+

ecy, eCoN

o3 [ (2 s 7 5 e (%) gt

eCoN

ov
72/95 - 72’ |/ Jump(us) jump(vs)+

eCon
|/95 5/f?)5

+ Z el /Jump us) jump(vs) —
eCoN
The integral over the boundary can be computed by int1d(Th) and the
length of an edge is lenEdge.
Now we try to get in FreeFem-++ the upwind average

CBQ

but  b-nt >0
{bulp =<bu~ b-nt <0
b{u} b-n==0
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With reference to Figure R.Il on internal edges it is

(Ib -N| jump(u)/2 — (b - N)mean(u)) jump(v)

DN | —

fbups - [v] =
On boundary edges, we have would like to have

bu b-n>0

0 otherwise

{{bu}}b = {

Since in this case, jump(u) = —u, whereas mean(u) = u, we should correct
the previous formula with

{bupp-[v] = (|b - N| jump(u)/2 — (b - N)mean(u)/(3 — nTonEdge)) jump(v)/nTonEdge

The DG formulation with upwind advection and Nitsche imposition of
boundary conditions of the advection-diffusion problem

div(—puVu+bu) = f, Q
u=9, I=TT"Ul'" =00

where I't = {e € 9Q: b-n > 0}, is

Z /KMVW - Vs — Z /[Ud] fuVusf — Z WusVug - n

KeQ ec&y, ecll V€

— T Z /[U5] L uVus} — TZ p(us — gs)Vous - n

ec&, V€ ecl' v ¢

+ Z /8%’[%] - vs] + ;/erz’(ué — 95)Vs

- Z/wa'vvéejhz: /{{bué}}b'[%H > /U5vab-n+ > [ gsvsbom

KeQ ec&, € ect V€ ec— V€
- E /fU5 =0
KeQ

8.2 Basis functions

We first consider the space of discontinuous piecewise linear basis functions
in one dimension. For the choice of basis functions, we have at least two
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possibilities. If we consider the intervals ¢,, = [Ty, Tmy1] We can use ¢y
k =1,2. Given a function u(z), it can be approximated by

m,k’

ZZZU Gu,, 1. (T (8.1)

2
m=1 k=1
In order to recover the coefficients u”,, we need two conditions for each inter-
val: for instance, we could prescribe interpolation at the two extreme points
for each interval. Since in general the function to approximate is discontin-

uous, we can prescribe u), = u(z; ) and uZ, = u(z, ). But then

() = uide, o (w2) + upde,, (2) = uf + up = u(3) + u(wy)

The problem is that at the common points between two adjacent intervals
there are two basis functions which take value one. In one dimension, it would
be possibile to remedy by restricting the basis functions ¢y, , to the interval
[Tt,015 Tt,,), €XcCeDt the last ¢y, ,. But in a two-dimensional triangulation it
is not possible to specifiy in an easy way which single basis function should
take value one at a vertex. In this sense, representantion (8II) should be

understood as
Z k

In two dimensions, it is even not easy, given a discontinuous function to
represent, to associate the correct value to the coefficients. Therefore, the
common way is to prescribe three interpolation conditions at inner points
close to the vertices. For instance, in one dimension,

Ly T X Ty, tx
o = R 10,99 (a:gm,k R g’“)

In this way, the approximation @(z) would not be continuous in general and
the coefficients u* would preserve the meaning of “almost” the values of
u(z) at the discretization points. This approach is taken by [4]. Another
completely different way is to abandon the idea of retrieving the values at
the discretization points (which, in the framework of discontinuous meth-
ods, is not that important). First of all, we need the normalized Legendre
polynomials of degree 0 and 1, namely

Lo(z) =1, Ly(z) =32z —1)
They satisfy

/01 Lp(x)Ly(x)dx = dpg
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Then, given the interval [; = [x;, x;41], it is

1 T — T T — T;
EEE—— Lh - Lk - dz = 5hk
Tivy1 — T J, Tit1 — L4 Tit1 — L4

We can therefore define

; 1 T —
L X .= 52 L :
h( )‘IJ ! VZTiv1 — T " ($i+1 - xz)

and we have

/ L;L(x)Li@)dx = Opk0i;0i1051

1

The set {Li(z)}o<n<11<i<m is the set of basis functions. Given v(x) €

with

In general, 9(x) does not interpolate v(x) at the nodes and the coefficients 9F
have no physical meaning. In two dimensions, an appropriate orthonormal
basis from 1,x,y can be obtained by the Gram-Schmidt procedure. The
d.o.f. of a piecewise linear discontinuos elements is given by three times the
number of triangles.

8.3 Computation of local error estimator

Oun
On
used in [4] (similar to that used in [9]). The jump notation means (Vuy)™ -
nt + (Vuy)” -0~ on internal edges and its L? norm corresponds to the L?

norm of jump(Vuy, - N). In fact, with reference to Figure B if K is the
triangle denoted by +

[5]

We consider the following local error estimator

2

ni(un) = | P3| f + AuhH;(K) + Z le]

ecK

L2(e)

= |Vuf -n* + Vu;, -n7| = |(Vu;, — Vi) -n*| = |jump(Vuy, - N)|
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Each of the two terms under the square root can be computed at once us-
ing the basis functions of the space PO of piecewise contant functions on a
triangulation, which are in fact yx functions.

W3 + Ao o = / B2 + Al e = L)
Q

which is a linear functional on PO (hg can be recovered by hTriangle).



Chapter 9

Iterative methods for sparse
linear systems

9.1 Direct methods can be unfeasible

Let us consider the Poisson equation on the square discretized by a regular
triangulation with 40 discretization points on each edge. The stiffness matrix
has size 1600 with a number of non-zero elements 7840. Its sparsity pattern
is in Figure[@.1] If we compute a Cholesky factorization, the upper triangular

sparsity pattern after reordening
T

500 |-

1000

1500

I I I
0 500 1000 1500

Figure 9.1: Sparsity pattern of the stiffness matrix.

factor R has 68135 elements different from zero. So, we did not profit of the
sparsity of the matrix.

25
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9.2 Projection methods

Given a Hilbert space H and subspaces M and L, the projection Px of x € H
onto M orthogonally to L is defined by

Pre M, (x—Px,y)uy=0 VyelL

If L = M, than P is called orthogonal projection and in this case the following
is true
. B _p
argmin |lz — y||,; = Pz

If the projection is not orthogonal, than it is called oblique. Let us consider
the linear system
Ax =D

whose exact solution is denoted by Z = zy + 6.

Proposition 6. If A € R™" is SPD, then a vector T is the result of an
orthogonal projection from R™ onto I C R™ with the starting vector xy, that
18

& =x0+90, 0eK

(b— Az,9) =0, Vo e K

in and only if

= argxgrlgillcE( x)

where, given x = o+ 0,
E(x) = (A(z — ),z — 2)"/ = (A - 6),0 — 5)"/?
Proof. First of all, A can be written as A = RTR (Choleski). If 7 is the

minimizer of E, we have

E(#) = min E(z) = min(A(0 —0),6 — §)V/% = rgnn(R(a ), R(0 —0))/? =

r€xo+K deX
—mlnHR5 J) HQ—mmHR(S R5H2: min HRé—sz
sek wERK

which is taken by @ = R, where & = To + 6. But the minimum in RK is
taken by the orthogonal projection of Ry onto RIC, too. Therefore w is such
a projection and satisfies, for any w = R0d, § € K,

= (RO —w,w) = (R(6—8),w) = (A6 —9),0) = (A(T—%),0) = (b— AZ,d).

If, on the contrary, Z is the result of an orthogonal projection, then the
previous argument can be used starting from the end. O]
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In this case, 4 is the orthogonal projection of & onto K through the scalar
product (-,-)4. In fact,

(6—06,00a=0"AZ—%)=(b—AE,6) =0 Voek
This is not true for  and z, since = ¢ K.

Proposition 7. If A is non-singular and L = AIC, then a vector T is the
result of an oblique projection method onto I orthogonally to L with the
starting vector xg, that is

— 20+ 0, seK
T,w) = Yw e L =AK

AH;

in and only if

T i )
where, given x = xg+ 0,

R(x) = [|b— Az, = (b—Az,b-Ax)'/? = (A(z—z), A(T—2))"* = (A(6-0), A(6—0))"?
Proof. We have

R(#) = min R(z) = min(A(d — ), A6 — §))¥/2 =

r€EX9+K deX -
— min [[A(5 — 8)], = min |45 — Ag], = min [|A5 — w],

which is taken by @ = A8, where & = g + 6. But the minimum in AK = £
is taken by the orthogonal projection of Ay onto L, too. Therefore w is such
a projection and satisfies, for any w € L,

0= (A8 — i, w) = (A — &), w) = (AT — 7),w) = (b— AZ,w)

9.2.1 Conjugate Gradient (CG) method

See [12] for a “painless” introduction. Given a SPD matrix A of dimension

n, the idea is to solve
Az =0

by minimizing the quadratic functional

J(z) = 2" Ax — 20" x
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whose gradient is VJ(z) = 2Ax — 2b = —2r(x). If we introduce the error
e(r)=ao—=x
we have r(z) = —Ae(x). Moreover, if we consider the functional
E(z) = e(x)T Ae(x) = r(z)T A r(z)
we have VE(z) = VJ(z) and E(z) > 0 and E(z) = 0. So, the minimization
of J(x) is equivalent to the minimization of E(x). Starting from an initial
vector g, we can use a descent method to find a sequence
Tm = Tm—1 + QOm—1Pm—1 (91>

in such a way that F(z,,) < E(z,-1). Given p,_1, we can compute an
optimal «,,_1 in such a way that

Q1 = arg moin E(zm_1 + apm-1)
It is
E(xm1 4 apm-1) = E(Tm1) = 2ap,,_7m1 + &P App
and therefore the minimum of the parabola E(z,,_1 + ap,—1) is taken at

T
o _ pm—lrm—l
m—1 — T A
pm—lApmfl

Proposition 8. If a,,,—1 is optimal, then
T pmo1 =D T =0 (9.2)
Proof. First of all, we have
Tm=0— Az, =b— A(Tpm_1+ Om1Pm-1) = Tm-1 — Om—1ADm_1  (9.3)
and then

T T T T T
TmPm—1 = Ty 1Pm—1 — Q1P 1APm-1 = Ty 1Pm—1 — Dy 1"m—1 = 0
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The equation F(r) = E(z,,-1) is that of an ellipsoid passing through
Tm—1, With 7,,_1 a vector orthogonal to the surface and pointing inside.

Given p,,_1 and a,,_1, we can compute z,, and r,,. Now, we are ready for
the next direction p,,. It has to be “simple” to compute, so we may require

Pm = Tm + Bmpmfl (94)

with 3, to find in such a way to have the maximum reduction of E(z) starting
from E(x,,). Therefore

E(xmi1) = E(xy + ampm) = E(xy,) — 2amp£rm + afnpr;ﬁnApm

and using the definition of «,,

Blomn) = Blew) (1= ol ) = o) (1 ) )

E(zm) (0L Apy, rL A=) (p Apm)

We observe that, using ([@.2)),

Pﬁrm - (rm + Bmpmfl)Trm = rg;rm

and this relation holds always true if pg = ro. Therefore, the only possibility
to minimize E(z,,11) is to take p. Ap,, as small as possible, and hence, from

pqupm = TZ;;ATm + QﬂmTZ;Apm—l + B?np%—lApm—l

we get
6 _ TZ;Apm—l
" pfnf1/4pm—1
With this choice, we obtain
P APm-1 =0

Using again (0.2) we get
T T T T
Prm—1Tm—-1 = T 1Tm—1 F Bm—1Dm—aTm—1 = Tp_1Tm—1

and therefore

Finally, from definition ([@.4) of p,,_1 we have

Apm—l - Arm—l + 6m—1Apm—2
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and therefore
P%_1Apm71 = P?n_1A7"m71 = 7"21_1Apm71

Taking expression (@.3)) for r,,, if we multiply by r | we get

T T m—
T T T m—1Tm-1 7
Tmlm=1 = T 1Tm = Tm_1Tm-1 =~ Tri 1Apm—1 =10
Pr—14Pm—-1
. . T
and if we multiply by r, we get
T T

T 1 Tm— T ApPm—
T T m—1"m-1 T mPm—1 T
Pmlm = T m-1= "7 T ADPm—1 = =70 1Tm-1—7 I = Ty 1Tm—18m

pmfl pm—l pmfl pm—l
from which .

3 T Tm
m T
Tm—1Tm-1

We have therefore the following implementation of the method, knowns as
Hestenes—Stiefel

e 1 given, pg =19 =b— Axg

e FOR m = 1,2,... UNTIL ||7,_1]|2 < tol - ||b]|2
Wm—1 = Apmfl

Tﬁ_lfm—l

T
pmflwm—l
Tm = Tm-1 + Um—1Pm—1

Q1 =

T"m = Tm—1 — Qp—1Wm—1
T
/B o T’me
m = T
Tm—1Tm-1

Pm = Tm + Bmpmfl

END

Some properties of the CG method

It is possible to prove the following thorem

Theorem 1. Form > 1, ifr; #0 for 0 <i <m — 1, then
T

i Tmo1 = i<m-—1 (9.5)
prApm_1 =0 i<m-—1 (9.6
i1 =0 i<m—1 (9.7)
span{rg, 71, ..., m_1} = span{ry, Arg,..., A" ry} (9.8)
span{po, P1, .. ., Pm—1}+ = span{rg, Arg, ..., A" 1o} (9.9)
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Sketch of the proof. First of all, we observe that if for a certain 7 it is r; = 0,
then z; is the exact solution.

The proof of all properties is by induction. The basic step of each state-
ment is easy since py = ro. Then, it is important to assume all the statemets
true for m — 1 and prove them for m. O

Definition 1. The space K,, = span{rq, Arg, ..., A" 1ry} is called Krylov
space.

The set {rg,r1,...,7m_1} is an orthogonal basis for the Krylov space,
which has therefore dimension m. It follows that the set {po, p1,...,Pm-1}1s a
set of linear independent vectors. Since A is SPD, the property p! Ap,,_1 = 0,
i <m —1means p! Ap; =0 fori,j <m —1,i+# j.

Definition 2. A set of vectors different from 0 and satisfying
viTAvj =0, fori,j<m,i#j
is called a set of conjugate (with respect to A) vectors.

By construction, the approximate solution x,, produced by the algorithm
is in the space xo + IC,,,. By the way, it is possible to prove indipendently the
following

Proposition 9. A set of conjugate vectors is a set of linear independent
vectors.

Proof. Let us suppose that
k
Z CU; — 0
i=1
with ¢; # 0. Then
k T k
(Z cw,») Av; =0 = Z ci(vl Avy) = cju; ATy,
i=1 i=1
Since A is SPD, the result cannot be 0, unless v; = 0 (absurd). O
Theorem 2. The approximate solution x.,, produced by the algorithm satisfies

E(z,) = inf FE(z)

r€xo+Km
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Proof. Let us take a vector x € xg + IC,,,. It is of the form

m—1
To + Z AiDi
i=0

and therefore, taking into account that p;, i = 0,1,...,m — 1 are conjugate
vectors

m—1 m—1 m—1
E(I) =F <l’0 + Z )\sz> = E(l‘o) -2 Z )\iplTT’o + Z >\Z2plTApz

i=0 i=0 i=0

Now, we observe that
piro =p; (r1+aoApo) = pjr1 = pl (ra+ ondp) =plra = ... =plr;
Therefore . )
E(z) = E(xo) —2) A\ip/ri+ Y _ A\l Ap;
i=0 i=0

and the minimum is taken for \; = a;, © < m — 1. O

This is a remarkable property: we started with looking for v € X such
that
a(u,v) =L(v), YveX

Then we selected a proper X; C X and discovered that wu;, staisfying
a(up,v) =L(v), Yve X,

satisfyes
lfun = wll] = ing o = ]

too. Now, if up, =37 | Zjpp; and vy, = 37| T jip; With ,, € x0 + Ky
Ex)=(z—2)"A(x — %) = a(vy — U, Uy — up) = ||[vm — up||?

The Conjugate Gradient method can find the infimum of E(x) on the space
rg + KC,. Therefore, the solution z,, of the CG method is the result of an
orthogonal projection method onto K, (see Proposition[@]). This is clear also
from the properties of the method, since

0=rlri=(b—Az,,m), 0<i<m-—1

and {ro,r1,...,"m_1} is a basis for IC,,.
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Proposition 10. The CG algorithm converges in n iterations at maximum.

Proof. The Krylov space K., = {po,p1, .- -, Pm—1} has dimension n at maxi-
mum. O]

In practice, since it is not possible to compute truly conjugate directions in
machine arithmetic, usually the CG algorithm is used as an iterative method
(and it is sometimes called semiiterative method).

It is possible to prove the following convergence estimate

ezl = E(xm>s2<¢%1> le(ao)ll

Here condy(A) is the condition number in the 2-norm, that is

)\max
condz(A) = [[Allz - [A7 2 = V/p(ATA) - /p(A-TATY) = T2

min

There exists a slightly better estimate

|||e<a:m>|||sz( " )|||€(9€0)|||

14 c2m

where ¢ = Y1 (see [12]).

condsz(A)+1

Computational costs

If we want to reduce the initial error Ey by a quantity e, we have to take

5 condy(A) — 1
=c
condy(A) + 1
from which

ln— Int Int

7
(\/conjzij ) In (1 . ;) conda(A)+1
4/ conda

v/ condy (A

For a matrix with condy(A) ~ h™2 the number of expected iterations is
therefore O(1/h). The cost of a single iteration is O(n) if A is sparse. The
algorithm does not explicitely require the entries of A, but only the “action”

[\Dlr—l
mlw
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of A to a vector v. For instance, if A is the stiffness matrix of the 1d Poisson

problem and

wn(z) = > vjp;()

=1
then the i-th row of Av = Alvy,vs,...,v,]T can be obtained by

| e

9.3 Methods for nonsymmetric systems

We have seen that the Conjugate Gradient method produces in practice an
orhogonal basis {r; ;”:_01 of the Krylov space K,, and therefore the solution
can be written as x,, = xg + Z;nzl y;rj—1. With nonsymmetric matrices, we
would like to do the same (that is, to construct an orthogonal basis for the

Krylov space). It is possible with Arnoldi’s algorithm.

9.3.1 Arnoldi’s algorithm

It is possibile to factorize a matrix A € R™*" into
AVyy = VinHy + wipel, (9.10)

where the first column of V,, is v; given, V,,, € R™™ such that VI'V,, = I,
and VZw,, = 0 and H,, is superior Hessenberg (see [I1, § 6.3]). The cost is
O(m?). From the relation

VIAV,, = H,,

we get that if A is symmetric, so is H,, and since it is Hessenberg, it is in
fact trigiadonal. Therefore, the Gram—Schmidt procedure is short and the
cost is O(m).

9.3.2 Implicit restarted Arnoldi’s algorithm

Let us analyze the method under the popular ARPACK [6] package for eigen-
value problems. It allows to compute “some” eigenvalues of large sparse ma-
trices (such as the largest in magnitute, the smallest, ...). We start with an

Arnoldi factorization
VIAV,, = H,

If (0, s) is an eigenpair for H,,, that is H,,s = s, then
(v,Az —0x) =0, YveKk
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where x = V,,,s and K is the Krylov space spanned by the columns of V,,,. In
fact, v can be written as V,,y and therefore

(Viny, Az — 02) = y" VI AV,,s — 4" VIV,50 = y" (H,us — 0s) =0

The couple (6, x) is called Ritz pair and it is close to an eigenpair of A. In
fact
Az = Ball, = | (AVin — ViuH)sll, = | Bmelis

where 8, = ||wn||,. We can compute the eigenvalues of H,,, for instance
by the QR method, and select an “unwanted” eigenvalue p,,, (which is an
approximation of an eigenvalue p of A). Then, we apply one iteration of
shifted QR algorithm, that is

Hy — ply = Q1R1,  H)b = R1Q1 + pmn 1,

Of course, @1 is Hessenberg and Q1 H,t = H,,(Q1. Now we right-multiply the
Arnoldi factorization, in order to get

With few manipulations

AVle = VleH:; + wmeanl
AVle = (VmQ1)<R1Q1 + ,umIm> + wmeng
(A - Mle)Vle = (Vle)(R1Q1> + wmengl
(A - ,um[n)vm = VleRl + wmeg
and by setting VI = V,Q1, we have that the first column of the last expres-
sion is
(A — ply)vr = Vi Riey = v (el Rye)

that is, first column of V¥ is a multiple of (A — p,,I,)v1. If v1 was a linear
combination of the eigenvectors z; of A, then

0 || (A = i 1)1 = Z(Oéj)\jxj — Q)
J

Since i, is close to a Az, vy lacks the component parallel to z7. Rela-
tion ([@.IT]) can be rewritten as

AV,E = VoI H T, + wiey, Qn

ans if we consider the first column, it is an Arnoldi factorization with a start-
ing vector v{” (which is of unitary norm) lacking the unwanted component.
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In practice, given the m eigenvalues of H,,, they are split into the k& wanted
and the p = m — k unwanted and p shifted QR decompositions (with each
of the unwanted eigenvalues) are performed. Then, the Arnoldi factorization
is right-multiplied by @ = Q1Q> ..., and the first £ columns kept. This
turns out to be an Arnoldi factorization. In fact

AV L = AVE
where now VI =V,,Q, and
Vit Hyf Iy = ViTH + (Vi ersa i )er,

and, since the Q; are Hessenberg matrices, the last row of Q, that is el Q, has
the first £ — 1 entries which are zero and then a value o (and then something
else). Therefore

T T
Wi €5, QL i = Wioe€y,

All together, the first & columns are
AVF = VIH +wlel, wi = (Viewaheiir + wno)

that is an Arnoldi factorization applied to an initial vector lacking the un-
wanted components. Then, the the factorization is continued up to m columns.
The easyest to compute eigenvalues with a Krylov methods are the largest
in magnitute (as for the power method). Therefore, if some other eigevalues
are desired, it is necessary to apply proper transformations. Let us consider
the generalized problem
Ax = MMz

If we are interested into eigenvalues around o, first we notice that
(A—oM)z=\N—oc)Mz=2=AN—0)(A—oM) 'Mx

from which )

A—o

Therefore, if we apply the Krylov method (or the power method) to the

operator OP™'B = (A — o M)"*M we end up with the eigenvalues closer

to 0. In order to do that, we need to be able to solve linear systems with

(A — o M) and multiply vectors with M.

Suppose we want to compute in FreeFem++ the eigenvalues closest to
o = 20 of Poisson’s problem

/Vu-Vv:)\/uv, u € Hy ()
Q Q

(A—oM) ‘Mz =vz, v=

We should set
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real sigma = 20.0;

varf op(u,v) = int2d(Th) (dx(u)*dx(v)+dy (u)*dy(v)-sigma*u*v)
+on(1,2,3,4,u=0);

varf b(u,v) = int2d(Th) (u*xv);

matrix OP = op(Vh,Vh,solver=Crout,factorize=1);

matrix B = b(Vh,Vh);

int nev = 20; // number of computed eigenvalues close to sigma

real[int] ev(nev); // to store nev eigenvalues

Vhlint] eV(nev); // to store nev eigenvectors

int k = EigenValue(OP,B,sym=true,sigma=sigma,value=ev,vector=eV,tol=1e-10);

We have to pay attention that OP is not positive definite, so a general
factorization such as LU or Crout should be used.

9.3.3 Solution of overdetermined systems

Suppose we want to “solve” the linear system
Hy,, =b, HeRMmxm o cR™ beR™!

with H of rank m. Since it is overdetermined, we can look for the following
least square solution

Y = arg min ||b — HyH;

Since V, Hb — I:[yH; = —2H"b+2HT Hy, the minimum is taken at the solu-
tion of

H"Hy,, = H"b

This is called normal equation and it is usually not used in order to compute
Ym. A second possibility is to compute the QR factorization of H. If H = QR,
with @ € R(m+x(m+1) orthogonal and R € R™+DX™ upper triangular (of
rank m), then

HTHy,, = H'b < RTQ"QRy,, = R"Q"b < R (Ry,, — Q"b) =0

Since the last column of RT is zero, we can consider only the first m rows
of the linear system Ry,, = QTb, thus getting a square linear system. Yet
another possibility (used by Matlab and GNU Octave) is to consider the SVD
decomposition. We have

H=USVT
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with U € RmTDx(m+1) and Ve R™*™ orthogonal matrices and

S1 0 0
o . o
S=1- . . 0 e Rim+1)xm
0 .0 s,
10 ... .. 0 |
Therefore
b= Fy|, = U7 0~ BOV )y, = 075~ U AV (VT g0, = |1 = 521,

where z = VTy and f = U?b. Now, clearly
arg min | — Sz,

has components z; = f;/s;, i =1,2,...,m and y,, = Vz.

9.4 Preconditioning

The idea is to change
Az =10
into
PAz =P
in such a way that P~'A is better conditioned than A. The main problem

for the CG algorithm is that even if P is SPD, P~'A is not SPD. We can
therefore factorize P into P = RT R and consider the linear system

Pl'AR Y =P e RTAR'y=R b, Rl'y=12z

Now, A= R"TAR™' is SPD and we can solve the system Ay = b, b = R~7b,
with the CG method. Setting &, = Rx,,, we have 7, = b — A%, = R~ Tb—
R TAz,, = R"Tr,,. It is possible then to arrange the CG algorithm for A,
Zo and b as

e 1 given, rg = b — Axg, Pzg = 10, Po = 20
e FOR m = 1,2,... UNTIL ||7,,]]2 < tol - [|b]|2
Wm—1 = Apmfl

T
Zm—1"m—1

Qm—1 T
P 1Wm—1
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Tm = Tm-1 T Um—1Pm—1

Tm = Tm—1 — Qp—1Wm—1

Pz, =rn
T
8, — 2 T'm,
m — 7T
Zm—1Tm—1

Pm = Zm + ﬁmpmfl
END

The directions p,, are still A conjugate directions (with Ppy = 719). It is
easy to see that if P = A, then ;1 = A~'b = 7. This algorithm requires
the solution of the linear system Pz,, = r, at each iteration. From one
side P should be as close as possibile to A, from the other it should be
casy to “invert”. The simplest choice is P = diag(A). It is called Jacobi
preconditioner. This preconditioner is the default in FreeFem++, since quite
effective due to the penalty method to impose Dirichlet boundary conditions
(it is a sort of balancing of the rows of the matrix). If P is not diagonal,
usually it is factorized once and for all into P = RTR, R the triangular
Cholesky factor, in such a way that z, can be recovered by two simple
triangular linear systems. A possibile choice is the incomplete Cholesky
factorization of A. That is, P = RTR ~ A where

(A= R"R); =0 ifa; #0

Ty =0 if a;; =0
The preconditioned Conjugate Gradient method does not explicitely require

the entries of P, but only the action of P~! (which can be R'R™T) to a
vector z,, (that is the solution of a linear system with matrix P).

9.4.1 Differential preconditioners

If u(z) ~ u(z) ~ a(x) with

with @; ~ u(x;) and
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with 4; ~ u(y;), then it is possbile to evaluate @(z;) by

[a(z1),. .., 0(z,)]" = Ra, ReR™" Rj=1;z)
and u(y;) by

[ﬂ(yl)v s ’ﬁ'(yn)]T = Qﬂ, Q S Rnxm’ jS = ¢l<yj)

We also have

[u(z1), ... ,u(zy)]" ~ @~ Ra
[w(y), - ulyn)]” ~ @~ Qu
and
[w(zy), ... u(zy)]" ~ RQu
(), ., uly.)]" ~ QR
Therefore

RQ~ I, QR=~I,
Thus, in order to solve the “difficult” problem

Au=0b

we may want to compute A of the “easy” problem

A =b

and then use the approximation
A~ RAQu < A~ RAQ

to compute a preconditioner A™' &~ (RAQ)™' ~ RA™'Q.

9.4.2 Algebraic preconditioners
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Optimization methods

We consider a couple of methods for the minimization of a function.

10.1 Nonlinear conjugate gradient method

We can extend the Conjugate Gradient method for the minimization of
JR(x), x € R™! in the following way.
o 1, given, dy = go = —VJE(x0)
e FOR M = 1,2, ... UNTIL ||dp,—1]|2 < tol - ||do]|2
U1 = argmin J%(z,,_1 + adpy_1)
Tm = Tm-1 T am—ldm—l
Im = _VJR(:EM)

5, = gﬁVJR(xm)
" gh VIR ()
dm = Ggm + ﬁmdmfl

END

It is in general not necessary to compute exactly a,,_1. In this case we speak
about inezxact linesearch. It can be performed, for instance, by few steps of
golden search of g(a) = J(z,,_1 + ad,,_1). Or it is possible to look for the
zero of dX NV J®(x,,_1 + ad,,_1). The choice of 3,, corresponds to Fletcher—
Reeves. It is possible to use a preconditioner. In fact, suppose —VJ#(x,,) is
of the form b — A(z,,) for some A: R” — R"™ and b € R". It is then possible
to use A as preconditioner and gm 18 computed as

gm = —ATIVIE(2,,)
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10.2 (Quasi)-Newton methods

It is possible to approximate J (if regular enough and with an SPD Hessian)
by a quadratic model

JR(x) = JB(20) + VIR (20)T (z — 20) + %(x — 20)  Hr(20)(z — 20)
The minimum of the model is given by
T — 20 = —Hn(20) ' VI (20)
and therefore we can define
w1 = wo — Hyn(wo) " VI (20)

In this form, it is equivalent to the first step of Newton method for the
solution of the nonlinear system of equations

VJE ) =0

Instead of the exact Hessian, it is possible to approximate it.

10.3 An example: p-Laplacian problem

We are interested in the solution of
—div(|Vul| 2 Vu) = f

with p > 2 and homogeneous Dirichlet boundary conditions. We can compute

’u)v:/Q\Vu]p_QVwVv—/va

J"(u)(w,v) = /(p —2) |Vul"~* Vu - VwVu - Vo+
0
+/ \Vul"~? Vw - Vv
0

Given up, v, € V), and the basis functions {p;}1",, it is

)Vl
JRRY SR, T, /'Z UiV waL

(VJR uh /|Vuh|p Vuy, - V; — /fcpz—(]/ )i
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and

vp' VIR (uy) = Z(Uh)z‘ </ [VunlP ™ Vuy, - Vip; — /Q f%‘) =
/|Vuh\p Vay, - Z(Uh Vi — /fz vp)ipi = J'(un)vn

and therefore J'(up,)vy, is the scalar product in R™ of the vectors with com-
ponents J'(up)e; and (vy);, respectively. Moreover, if w, € V},, then

(HJR(%)%L = ‘]H(uh)(wh? @i) =

= /(p — 2) |Vuh|p_4 Vuh . (Z(wh)jij> Vuh . Vgﬁri-
Q

j
+ [ |V (Z(wh)jv%> Vi =

J

= Z U}h (/ p— 2) \Vuh]p Vuh : chjVuh : VQOH—

+/ V[P Ve, - V%)
Q

and therefore J” (uy,)(wp, @;) is the matrix-vector product between the (sym-
metric) matrix Hyr(un) = J"(upn)(p;,¢:) and the vector with components

(wn);-

10.3.1 Minimization approach

The minimization approach is: find u; € V}, such that

up, = arg min .J (vn)

In order to use, for instance, the nonlinear Conjugate Gradient method
(see § M0LT)) we just need VJH(z,,) = J'((un)m)pi, where z, = (up)m is
the current approximation of u,. As a preconditioner it is possible to use,
for a fixed uy, the matrix

e (W), = / VR Ve, - Ve,
Q

which corresponds to a simplification of H;r(p).
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10.3.2 Galerkin approach
The Galerkin approach is: find u, € V}, such that
J (up)vp, =0 Yo, €V,
We can consider the nonlinear function F'(uj) with components
Fy(up) = J'(un) i

In order to write Newton’s method for it, we need its Jacobian applied to
0p € Vi, whose i-th component is

Vo Fi(un)on = J" (un) (0, @)
and Newton’s iteration writes

Vi, Fup) 0, = —F(uj,)

r+1 _ . r T
w, = uy, + 0y,
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ADR equations

The Advection-Diffusion-Reaction equation (see [0]) is

—div(uVu) +b-Vu+ou=f, ueQCR" n=1,2,3
u =0, u € 0f)

11.1 Estimates

11.1.1  div(b),o € L2()

In this case we have

1
/ vb - VodQ + / ov?dQ = / v? <——div(b) + 0) dQ
Q Q Q 2

ans using Cauchy—Schwartz inequality

/Q v? (—%div(b) + a)

Since v € H'(Q2), then v € L*(Q) (see [9, § 2.5]). Moreover

dQ < Hv

1.
QHLQ(Q) —§d1V(b)+U

L2(9)

' / ouvdﬂ\ < ol Nvl e < oo Nl ol oy <
< Clloll 2y 1l g 101 1o
In fact H'(Q) C L*(Q) with a continuous immersion.
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11.1.2  div(b),o € L>*(Q)

In this case we have

1
/vb - VodQ + / ov*dQ = / v? (——div(b) + 0) dQ
Q Q Q 2

ans using Holder’s inequality

J

Therefore v € L*(Q). Moreover

1
‘—édiv(b) +o

1
v? (_édw@ * U) ‘ dQ < [[0* 11

L (9)

[ 009 < 101~ o levlis < lollmo Tl ol <
< ”UHLoo(Q) HuHHl(Q) ||U||H1(Q)
11.2 Omne-dimensional AD problem

For the problem
—pu"(z) + bu'(z) =0

u(0) =0
u(l) =1
the analytical solution is
x, b=0,

u(x) = exp(ﬁx)—l b0
exp(%)—l7

After the discretization with piecewise linear finite elements, for the difference
equation we have

—(Pe+1)+2p+ (Pe—1)p° =0
If Pe =0, p; = p2 = 1, the general solution is

from which, by imposing boundary conditions,
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If Pe =1, p; = (Pe + 1)/2. Therefore
u; = Ap’
and by imposing boundary conditions,
A=0
In the general case
pr=(1+Pe)/(1-Pe), pp=1
We can try to find € such that u(1 —¢) ~ 0. It is

fle) =u(l—¢) =~ f(0)+ f'(0)e =1+ —%eX—p@)g =0
exp <9) -1

from which (b>
) e
o b expu<%) ° ( >

Therefore the boundary layer width is O (%)

11.2.1 Artificial diffusion

We want to find a function ¢ such as the new Péclet number is

Pe
1+ ¢(Pe)

We need
e ¢(Pe) > Pe — 1, but not too much

e ¢(|b] h/21) € O(h?), for h — 0, so that the new scheme is still second
order in h

A possibile solution is

¢(z):z—1+ezz%2+(9(z3)

A better solution (Scharfetter-Gummel) is

2z 22
0(z) =2 =1+ 57— =5 + 0
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11.3 A time-dependent nonlinear ADR equa-
tion
We want to solve
u + b - div(u) = pAu+ pu?(u — 1), Q

which can be rewritten as
u = Lu+ g(u)

with the #-method with time step £&. We want to make zero the function
Fi(up™) = /(UZH—UZ)%—M (ar(upt i) + g(up ™) i) =k(1-0) (a(up, i) + g(ui)pi)

We compute its Jacobian applied to d;, (which is a bilinear form in d;, and
©i)
Jp(up™)o, = /5h90z' — kO (aL(0n. 1) + g'(up ™) ones)

Therefore, each Newton iteration is the solution of the week formulation

Te(a S, 4 F(up ) = 0

n+lr+1 _  ntlr r
uy, =u, "+ 0,
. 1 . . L.
with v} *"? = 4. Such a week formulation requires boundary conditions. If
u a0 = uf|aq, then it is enough to set 8% |sq = 0. Otherwise, it is necessary

first to set ’LLZ+1’O|aQ to the proper boundary conditions.

If we consider the two-dimensional equation with b; = by, the exact solu-
tion is
1
1+ exp(a(x+y —bt)+c)
where a = +/p/(4p), b = 2by + \/pu and ¢ = a(b — 1) (see [5, § 10.6]). Of

course, it requires time-dependent Dirichlet boundary conditions.

u(t,z,y) =
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