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1 Projection methods

Given a Hilbert space H and subspaces M and L, the projection Px of x € H
onto M orthogonally to L is defined by

Pre M, (x—Px,y)u=0 VyelL

If L = M, than P is called orthogonal projection and in this case the following
is true
. =P
argmin|lz —y|| = Pz

If the projection is not orthogonal, than it is called oblique. Let us consider

the linear system
Ax =b

whose exact solution is denoted by Z = z¢ + 6.

Proposition 1. If A is SPD and L = I, then a vector T if the result of an
orthogonal projection method onto KC with the starting vector xq, that is

53:.1'04—8, 5E’C
(b— A%, v) = 0, Yoe Ll =K

in and only if

% =arg min E(x)

where, given r = xo + 0,



Proof. First of all, A can be written as A = RT R (Choleski). We have

E(#) = min E(z) = min(A(§ —6),6 — 5)1/2 =min(R(6 — 6), R(6 — (5))1/2 =

r€XT9+K oek oek
= min|R(0 —0)||; = min|| 75 — R,

which is taken by 6, where & = Ty + 6. But the minimum in RK is taken
by the orthogonal projection of R§ onto RIC, too. Therefore R¢ is such a
projection and satisfies, for any w = Rv, v € IC,

(RS — RS, w) = 0= (R(5—3),w) = (A6 —0),v) = (A(7—7),v) = (b— AF, v)
]

Proposition 2. If A is non-singular and L = AKC, then a vector T if the
result of an oblique projection method onto IC orthogonally to L with the
starting vector xq, that is

T =x9+ S, S e
(b— Az,w) =0, Yw e L=AK
wmn and only if
T =arg min R(x)

rexg+iK

where, given r = x9 + 0,
R(z) = ||b—Azly = (b—Ax,b—Ax)"? = (A(z—x), A(z—2))"/* = (A(6—9), A(6—09))"/?
Proof. We have

R(#) = min R(z) = min(A(0 — ), A6 — §))Y/? =

r€Exo+K deK
= i A(5 — ) = min| A3 — A5,

which is taken by &, where & = 2 + 5._ But the minimum in A = L is
taken by the orthogonal projection of Ad onto L, too. Therefore Ad is such
a projection and satisfies, for any w € L,

(AS — Ad,w) = 0= (A(6 — §),w) = (A(Z — Z),w) = (b— AF,w)



1.1 Conjugate Gradient (CG) method

Given a SPD matrix A of dimension n, the idea is to solve
Az =b
by minimizing the quadratic functional
J(z) = 2" Ax — 20" 2

whose gradient is V.J(z) = 2Ax — 2b = —2r(x). If we introduce the error

e(r)=o—=x
we have r(z) = —Ae(x). Moreover, if we consider the functional

E(z) = e(x)T Ae(x) = r(z)" A r(z)

we have VE(z) = VJ(z) and E(z) > 0 and E(Z) = 0. So, the minimization
of J(z) is equivalent to the minimization of E(z). Starting from an initial
vector g, we can use a descent method to find a sequence

Tht1 = Tk + QP (1)

in such a way that F(zy41) < E(zy). Given pg, we can compute an optimal
ay in such a way that

oy = argmin E(x, + apy)

It is
E(zy + apy) = E(xr) — 2api . + o*pi Apy,
and therefore the minimum of the parabola E(xj + apy) is taken at
_ DLk
i Apy,

Proposition 3. If ay is optimal, then
TPk = Di s =0 (2)
Proof. First of all, we have
i1 = b — Az = b — Az, + agpr) = 1 — o Apy, (3)

and then
rE Pk = TEpK — Dt Apr = TEpr — pErk =0



The equation E(z) = E(xy) is that of an ellipsoid passing through xy,
with 7, a vector orthogonal to the surface and pointing inside.
Now we would like to have (we will see later why) a sequence of directions
satisfying
Po=To
p{HApk =0, k>0

In particular, it is possible to compute pxy 1 as

Dk+1 = Th+1 + Brt1Dk (4)
by taking
/8 o Tgii»lApk}
k+l = — 77—
* pprk

Now we observe that using (2) we get
PeTk = ThT% 4 BrDpyTh = T4 Tk

and therefore . .
Pr Tk _ T Tk
pFApe  plAps

Finally, from definition (4) of p, we have

ap =

Ap, = Ari, + BrApr—1

and therefore
P Ap = pp Are = i Apy,

Taking expression (3) for ry., if we multiply by rf we get

TTTk

T _.T _.T k T _

Tht1Tk =TTyl =TTk — T A . Apr =0
Py, APk

and if we multiply by r{,, we get

T T
T T "ok T 7 Ter1 APk T
Thp1Thtl = Thy1Th — 75— Th1 APk = —Tp Tk~ 7 = T, "kDk
- - pEApr *F P Apr
from which -
Tht1Tk+1
Bri1 = —F—
We have therefore the following implementation of the method, knowns as
Hestenes—Stiefel



e 1 given, pg =19 =b— Axyg

e FOR k =0,1,... UNTIL ||rg|l2 < tol- |||

wi = Apg
LTy

ap — T
Dy Wk

Tpy1 = Tg + QpPk
Tk+1 = T — QW

T
Brsy = Tht1Tk+1
k4l = — 7
LTy
P41 = The1 + Ber1Pk

END

1.1.1 Some properties of the CG method
It is possible to prove the following thorem

Theorem. For k> 1, ifr; #0 for 0 < <k, then

pire =0 i<k-1 (5
pi Apr =0 i<k—1 (6)
riry =0 i<k—1 (7
span{ry, 71, ..., } = span{rg, Aro, ..., AFrq} (8)
span{po, p1, ..., Pk} = span{rg, Arg, ..., A¥rg} (9)

Sketch of the proof. First of all, we observe that if for a certain ¢ it is r; = 0,
then z; is the exact solution.

The proof of all properties is by induction. The basic step of each state-
ment is easy since py = 7. Then, it is important to assume all the statemets
true for £ and prove them for k£ + 1. n

Definition. The space Ky = span{ry, Arg, ..., A¥"1ro} is called Krylov space.

The set {ro,r1,...,7%,_1} is an orthogonal basis for the Krylov space.
Since A is SPD, the property pl Apy, = 0, i < k — 1 means p! Ap, = 0 for
i,h <k,i#h.

Definition. A set of vectors different from 0 and satisfying
v Av, =0, forih <k, i#h

is called a set of conjugate (with respect to A) vectors.

>



By construction, the approximate solution x; produced by the algorithm
is in the space xg + Kj.

Theorem. The approximate solution xy produced by the algorithm satisfies

E(xp)= inf FE(x)

rE€xo+Kx

Proof. Let us take a vector x € zy + KCi. It is of the form

k—1
Zo + Z AiDi
i=0
and therefore, taking into account that p;, ¢ = 0,1,...,k — 1 are conjugate
vectors
k-1 k—1 k—1
E(z)=FE (xo + Z )‘ipi) = E(zp) — 2 Z Aip; o + Z \ip; Ap;
=0 i=0 i=0
Now, we observe that
piro=p; (r1+ aApy) =piri =p; (o + 1Ap) =plra=...=p]r;
Therefore
k—1 k—1
E(z) = E(xo) —2) _Aplri+ Y Apl Ap;
i=0 i=0
and the minimum is taken for \; = o, 1 < k — 1. O

Therefore, the solution x of the CG method is the result of an orthogonal
projection method onto Ky (see Proposition 1). This is clear also from the
properties of the method, since

0=rir;=(b—Arp,r), 0<i<k—1
and {rg,r1,...,7x_1} is a basis for K.

Proposition 4. A set of conjugate vectors is a set of linear independent
vectors.

Proof. Let us suppose that

k
Z CU; = 0
i=1
with ¢; # 0. Then

k

L T
(Z civ,-) Av; =0 = Z ci(vZTAvj) = cjvjAij
i=1

i=1
Since A is SPD, the result cannot be 0, unless v; = 0 (absurd). O
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Proposition 5. The C'G algorithm converges in n iterations at maximum.

Proof. The Krylov space K = {po,p1,--..,pr—1} has dimension n at maxi-
mum. ]

In practice, since it is not possible to compute truly conjugate directions in
machine arithmetic, usually the CG algorithm is used as an iterative method
(and it is sometimes called semiiterative method).

It is possible to prove the following convergence estimate

k
1Bl = VB <2 (%:) (A1

Here condy(A) is the condition number in the 2-norm, that is

— )\max
conds(A) = [|A]l2 - [A7 |2 = v/p(ATA) - /p(ATTATE) = T

min

There exists a slightly better estimate

Ck
Bl < 2 (- ) Il

Veonda ()1 (see [1]).

conda(A)+1

where ¢ =

1.1.2 Computational costs

If we want to reduce the initial error £y by a quantity e, we have to take

k
5 condy(A) — 1 .
Veonda(A) + 1
from which

Int Int Int 1. 2
k= 2 = 2 ~ = ~ —In —y/condy(A)
In (—”COHdQ(A)_l In(1—- —2—  Jconda(A)+1 2 €
\/condz(A)+1 condz(A)+1

For a matrix with condy(A) ~ h™2 the number of expected iterations is
therefore O(1/h). The cost of a single iteration is O(n) if A is sparse. The
algorithm does not explicitely require A, but only the “action” of A to a
vector pg.




2 Preconditioning
The idea is to change
Az =10

into

P'Az =P "
in such a way that P~1A is better conditioned than A. The main problem
for the CG algorthm is that even if P is SPD, P~'A is not SPD. We can
therefore factorize P into P = RT R and consider the linear system

P'AR'Yy=P b RTAR'y=R"b, R'y=1z

Now, A = R"TAR™! is SPD and we can solve the system Ay = b, b = R~Tb,
with the CG method. Setting & = Ry, we have 7 = b, — A, = R-Tb —
R T Az, = R"Try,. Tt is possible then to arrange the CG algorithm for A, Z,
and b as

e 1 given, rg = b — Axg, Pzg = 10, Po = 20

e FOR k =0,1,... UNTIL ||rg|l2 < tol- |||

wy = Apy,
szrk

ap — T
Py Wk

Tyl = Tk + Qg
Tk+1 = T — QW
Pzii1 =1

T
Brsy = Zt1Tk+1
+1 — T
2Tk

P41 = Zkt1 + Ber1Dk

END

The directions pj are still A conjugate directions (with Ppy = r9). This
algorithm requires the solution of the linear system Pzp.; = ryy1 at each
iteration. Usually, P (if not diagonal) is factorized once and for all into
P = RTR, R the triangular Choleski factor, in such a way that z,,; can be
recovered by two simple triangular linear systems.

The algorithm does not explicitely require P, but only the action of P!
to a vector zg41.



2.1 Differential preconditioners

If u(z) ~ a(x) ~ i(x) with
a(z) = i 264 (2)
with @; ~ u(x;) and
i) = Zn:wj(x), n<m

with @; ~ u(y;), then it is possbile to evaluate @(x;) by

[W(z1), ... d4(v,)]" = Ra, Re€R™" Ry =1;(r)
and u(y;) by

[a(y), - aly)]" = Qu, Q € R™™, Qi = ¢i(y)

We also have

[u(zy), ..., u(zy)]" ~ @~ Ri
[u(y), - ulya)] =0~ Qu
and
[w(zy), ... u(zy)]" ~ RQu
[w(yr), . u(ya)]” ~ QR
Therefore

RQ=~1,, QR~I,
Thus, in order to solve the “difficult” problem

Au =10

we may want to compute A of the “easy” problem

At =b

and then use the approximation
Au~ RAQu < A~ RAQ

to compute a preconditioner A~' ~ (RAQ)~! ~ RA™'Q.



2.2 Algebraic preconditioners
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