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The Advection-Diffusion-Reaction equation is
—div(uVu) +b-Vu+ou=f, ueQCR"
u=0, u € 0f)
1 Estimates

1.1 div(b),o € LX(Q)

In this case we have

1
/vb -VodQ + / ovidQ) = / v? (——div(b) + 0) dQ
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ans using Cauchy—-Schwartz inequality

/Q v? <—%div(b) + 0>

Therefore we require v € L*(2). Moreover
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In fact H'(Q) C L*(Q) with a continuous immersion.

1.2 div(b),o € L®(Q)

In this case we have

1
/vb - VodQ + / ov?idQ) = / v? (——div(b) + 0) dQ2
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ans using Holder’s inequality
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Therefore v € L*(Q2). Moreover
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2 One-dimensional AD problem
For the problem
—pu”" (z) + bu'(z) =0
u(0) =0
u(l) =1
we have that the solutions of the differences equation
—(Pe+1)+2p+ (Pe—1)p* =0
are
p1=(1+Pe)/(1 =Pe), py=1

where Pe = [b| h/(2p) is the grid Peclét number. In case it is one, the
differences equation is
—(Pe+1)+2p=0

with solution p = (Pe + 1)/2. Therefore, u; (on inner nodes) is
u; = Ap’

and by imposing boundary condition «(0) = 0 we get A = 0. Therefore, the
numerical solution is ug = u; = up 1 = 0 and up; = u(l) = 1.
The analytical solution

exp <%x> —1
exp (%) -1
We can try to find ¢ such that u(1 —¢) =~ 0. It is

fle) =u(l—¢)~ f(0)+ f(0)e =1+ —,%GX—I)<§>€ =0
exp <%> —1

u(z) =



from which ( )
e )
Ty W)

Therefore the boundary layer width is O (%‘)
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