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Chapter 1

Variational methods

1.1 Variational formulation of Poisson’s prob-
lem

Let us consider the boundary value problem (Poisson’s equation)

{ —u"(z) = g(x), z € (0,1)
u(0) =u(l)=0

where g € C°([0,1]). We introduce the following space:
V = {v: v e C([0,1]), v(0) = v(1) = 0}
equipped with the scalar product
1
(u,v) = / u(z)v(x)dz
0

Theorem 1 (Variational formulation). If u(x) is the solution of (1.1), then

ueV and
(W, v') = (g,v), YveV (1.2)

Proof. Let u be the solution of (1.1). Then, for any v € V,

/O1 —u (z)v(r)dr = /01 g(@)o(z)dz = (g,v)

Integrating by parts,

[t = @]+ [ @ = o)

since v(0) = v(1) = 0. O

1

0
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Since problem (1.1) has a unique v € C?> C V solution, this is clearly also
a solution for (1.2). Why do we introduce then the variational formulation?
Let us consider instead the following problem

—u"(z) = g.(x), x€(0,1
(@) =0.), =€) "
u(0) = u(1) =
where
0 0<z<ji-c¢
ge() =4 —5 3-e<az<3i+e
0 ste<az<l1
Since g¢. is the load density, the total load is
1
/ ge(z)dzr = —1
0
The “solution” of (1.3) is
( 1 1
_ - 0<z<--—
2" =r=g Tt
u-(z) = ! x—l 8_1 L cca<lis
} de 2 2 72
1 1
— (1 — <zr<l1
\ 2 :v 5 +e<x<
Since u”(1/2 4+ €) does not exist, we cannot state that —u!(x) = g.(x),

€ (0,1). But it is true that u. € V and

N =

[ [ e [ s [ dewmas-

%fs %Jrs
%—6 %-1—8 1
= —/ ul (z)v(z)dz — / ul (x)v(z)de — / ul (z)v(z)dz =
0 %*5 %Jrs
%—i—s

_ / + 215 (2)dz = / | o) = /0 g ()o()de

2

that is u. € V' is a solution of the variational formulation.

Coming back to problem (1.1), without any assumption on g, the classical
C? solution is called strong solution of (1.1), whereas the solution of (1.2)
is the weak solution of (1.1). With the previous theorem and example, we
showed that if the strong solution exists, it is also a weak solution. But the
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other way round is not true: the weak solution may exist, but not the strong
one. Anyhow, if u € V is solution of (1.2) and u € C*([0,1]) (notice that
C%([0,1]) c V) and g € C°([0,1]), then 0 = (v/ — g,v) = (—u" — g, v) for any
v € V. Since u” 4 g is continuous, we get —u”(z) = g(z) for 0 < x < 1.
Hence, u is a strong solution, too.

The variational formulation (1.2) of (1.1) is in fact the more “physical”:
coming back to the problem of the beam, it allows to describe the case in
which the load density g(x) is not continuous. What it is necessary is just
the existence of (g,v), v € V. The weak solution, if it exists, is unique: in
fact, if u; and wuy are two solutions of (1.2), then

(uy —uy,v') =0, YoeV

and, in particular, for v = u; — us. Hence

[ i) - wonar =0

and uj(x) — uh(z) = (u1(x) — ue(z))” = 0. Hence u; — uy is constant and
since u1(0) — u2(0) = 0, then uy () — ug(x) = 0.

In the general case, that is for more general problems than (1.1), the
space V is not good for the variational formulation, essentially because it
is not complete with respect to the above scalar product. With respect to
problem (1.3), clearly the solution, for ¢ — 0 converges to

1 1
u(z) = 1 1

which is not in V. We require that the integrals of v'v’ e gv exist. Therefore,
we set

V = Hy(0,1) = {v € L*(0,1), v' € L*(0,1), v(0) = v(1) = 0}
equipped with the scalar product

(u, V)1 = /0 1u(x)v(x)dm+ /0 lu'(x)v’(:v)d:p

where the derivatives are distributional. Such a space is complete, and it is
exactly the closure with respect to the scalar product of the space introduced
above. Moreover it contains also not differentiable (in the classical sense)
continuous functions, such as piecewise linear continuous functions. Now, if
we assume g € L*(0, 1), than the variational formulation writes

find u € Hy(0,1): /0 o (z)0 (z)dr = /0 g(x)v(x)dr, Yo e Hy(0,1)
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1.1.1 Two-dimensional Poisson’s problem

The problem, with homogeneous Dirichlet boundary conditions, is

—Au(z,y) = g(z,y), (z,y) €Q
u(z,y) =0, (x,y) e I' =00

We proceed as in the one-dimensional case, and using Green’s formula, we
end up with

—/Aude—/Vu-Vde— %vdF—/gde
Q Q Q

Fan

Since the test functions v are zero at the boundary, the integral on I' disap-
pears. The variational formulation then writes:

find u € Hy(Q): / Vu - Vod§ = / gudQ, Vv € Hy(Q)
Q Q

1.2 Equivalence

We have seen that we further assumptions on u (essentially, u € C?) the weak
and the strong formulation are equivalent. Without that assumption, they
still are equivalent in the sense of distributions. In fact, if we restrict the test
functions to D(Q2) (infinitely differentiable functions with compact support,
D(Q) C Hi(9)), we have

/ Vu-Vp= / gpdQ), Yo € D(Q)
Q Q

Then we apply Green’s formula

9
—/Augde—i—/—ugde:/ggon, Vo € D(Q)
Q ron Q

where we mean

— [ Aup = (=Au,p)
Q
ou ou
ZZodl =

Fansod <a L)

Since ¢ € D(Q), the boundary integral vanishes and

(—Au—g,0) =0
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that is —Awu — g is the null distribution in D’(€2).
In this context, taking the limit for € — 0 for problem (1.3), one gets the
distribution
—Au + 51/2

where 01 /5 is Dirac’s delta distribution. This is the model for a load concen-
trated in a single point on the beam.

1.3 Existence of a weak solution

Theorem 2 (Lax—Milgram’s lemma plus corollary). Let V' be a Hilbert space,
a(-,+): V- xV — R a bilinear continuous and coercive form, F(-): V — R a
linear and continuous functional. Then, there exists a unique solution to the
problem

findu e V:a(u,v)=F(v), YveV

Moreover ]
ully < =[|F|lv
«Q

where a 18 the coercitivity constant.

Proof. The classical Lax—Milgram theorem (Riesz’s representation and Ba-
nach’s close image) and (F' is bounded)

ollulli, < alu,u) = F(u) < [F(u)| < [ Fllvllully
0

As an exercise, we check that Poisson’s problem falls in this case. We
have V = H}(Q2) with scalar product

(u,v) :/ude+/VU-VUdQ
Q Q

and g € L?
e a(u,v) = [, Vu- VudQ is bilinear (obvious), continuous
|a(u, V)| < [IVull2[[ V][ 2 < [Vl [ Vol g

(Cauchy—Schwarz’s inequality), coercive

lullzn = llullz: + [Vulz: < (C+ DI Vullz: = a(u,u) > lull

- C+1

(Poincaré’s inequality)
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e F(v) = [,gvdQ is linear (obvious) and bounded
[F()] _

[E()] < llgllzzllvllze < llgllzllollar = [[F] = SUP ol = < llgllz

and hence continuous.

1.4 Variational approximation method

Let us take a finite dimensional subspace V,,, of V. We then look for u € V,,
such that
a(t,v) = F(v), YveV, (1.4)

(Galerkin’s method).
Theorem 3. Problem (1.4) has a unique solution.

Proof. Tt is still a consequence of Lax—Milgram theorem. For the case
1
a(u,v) = / o' (z)v(x)dx = (v',;v")  +homogeneous Dirichlet b.c.,
0

it is possible to directly prove the theorem and some more. Let {¢;}7.; be a

basis of V,,,. Then
i(z) = 65(x)
j=1

and (1.4) rewrites, for i = 1,2,...,m,
1
/ @/ (2)g](x)dz = ((Zw) , ) 56} 0 = Au = (5.6
0 o
where A = (a;;) = (¢}, ¢}) e w = [ty, ..., Upy)". Let us compute w' Aw for
w = [wy,...,wy,|". We have (since A is symmetric)

wT Aw = sz <Z ¢Z,¢;)wj>
Jj=1
and then, due to the per linearity of the scalar product
m m 1 m 2
w" Aw = (Z wias;(a:),ijas;(:v)) = / (Z chb;(a:)) de >0
i=1 j=1 0 \j=1

and the result is 0 only if ) w;¢;(x) is constant (and, hence, null, because
of the boundary conditions) Then, A is positive definite. O
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The proof above can be done also in the case a(-,-) symmetric. The co-
ercivity of a(-, ) gives the positive definiteness of the matrix A = (a(¢;, ¢;)).
Matrix A is called (stiffness matriz) and (g, ¢;) is the (load vector).

Galerkin’s method is strongly consistent, since

a(u,v) = F(v), YveV,=alt—uv)=0, Yvel,

If a(-,-) is symmetric, there is the following interpretation: a(-,-) is a scalar

Figure 1.1: @ as a projection onto V,,.

product in V' and 4 is the orthogonal projection onto V,,, of u. Then it is the
best approximation in V,,, of u. In fact, for v € V,,

a(t—u, 0 —u)=a(t—u,t—v+v—u)=alt—ut—0o)+all—uv—u) =
=a(t —u,v —u)
due to strong consistence. Using the coercivity and the continuity of a(-, -)
alli— ull? < alit—u, i — u) = a(@ — u,v — )| < Ml - ullv|jo — ullv

Hence

M M
o —ully < —[lv—ully = [a —ully < inf —|lv—uly
(6% vEVmMm

Now, we have to choose a subspace V,,, C V such that

el
g 0~y =0

or, more in general,

lim inf ||lv —w|y =0, YweV

m—o00 vEVm,

In that case, it will be
lim ||&—ul|ly =0
m—0o0
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Figure 1.2: Hat functions

1.4.1 Finite Elements Method (FEM)

Let us introduce a discretization of the interval [0, 1] with variable step, as
m—1

in Figure 1.2. The space V;, is generated by the basis functions {¢;}7",",
defined by

r—=T;1
?7 ‘Ij,1 S Xz S :CJ
— XT; — X
i\r) = Jj+1
Qb]( ) —h s $]§l'§l']+1
J
0, elsewhere
ans
(1
. 1, Tj—1 < <T
j—
/ — 1
(x) =
¢J() —E, T; <T < Tjp
J
0, elsewhere

\

However, in order to allow to deal with problems with different boundary
conditions, we also consider

To — X < <
T ST S X9
¢1(x) = hy
0, elsewhere
and
! <x <
- T X i)
1(z) = ha’
0, elsewhere
ans
T — Ty
—m17 Lm—1 S 4y S T
Om () = P —1

0, elsewhere
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and
1

¢/ (.T) = h?’n—l7
0, elsewhere

Te1 < T < Ty,

Hence, in the approximation
m
i) =Y d;0;(x)
j=1

the coefficients @; are the values of @ in the points ;. Problem (1.4) rewrites

1 m 1 m xi+h;
i (z)gi(v)dr = Y a; | ¢i(z)di(z)dr = > 1, ¢ (x)di(x)dr =
/Ou x)¢:(x)dx ;u/o )¢ (x)dx ;u /%_hi_1 )¢ (x)dx
m zi+h;
= ;aja” = /xi_hi_l g(x)¢;(z)dx

In case of Neumann’s conditions (for instance in «'(0) = wy), the weak
formulation of the problem is

~il (@) (a)| + / i)l () = / g@)adr, 1<i<m

For 7« = 1 we have

w0+ [ #wdar= [ g

Hence, the first row of the linear system is

/ i (@) () = i+ / (@) (a)da

Notice that the problem with two Neumann’s conditions is not well-defined,
since if u(z) is a solution, then such is u(z) + k.

The space V,, can be made of much more regular functions (such as
polynomials of higher degree).

Let us see a general implementation strategy for FEM. Suppose we have
[ elements {/;},_, (in the one-dimensional case, the intervals) with the asso-
ciate points. With respect to Figure 1.3, where m = [+ 1, we have

Ej,1:j7 gj,2:j+17 ]-S.]Sl
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Try T2 Tj—1 T Tj1 Ty

Figure 1.3: Points (bottom) and elements (top).

which means that points z; and x;,; are associate to element ¢;. The basis
function which has value 1 on node ¢;; and 0 on node ¢;3_; has the form
(on ;)

gbg - Qp; + bgj’liﬂ - 1 1 1 1 Lljg — X _ Ll — T
31 - o o
Aj T Xy, Lejn Tt Lejo — Tty hj
by = M2t b,o |1 1,1 1| —wg T —m, 4@
J2 - o o
A Tejo LI |Tein o Tey L0 — Lty h;
and will contribute to the elements ;b5 and Qb5 k (and its symmetric)

of the stiflness matrix

1
g 1l 1 :/0 ¢2jvk(x)¢2j’k(x)dx

1
a/gj,kéj,S—k = /0\ ¢2]7k(x)¢2373_k(m)dx

and to the element gy, of the right hand side

1
g, = / 9(2)ér,, (x)dz
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Hence

a’ej—l,ng—lﬂ - aej,léj,l = /K ¢2j—1,2 (x)qblgj_l,g (I)dx + /@ ¢2j,1(l‘)¢2j’1 (x)dx -
j—1 J

by 2 be. \ 2
- it dx —|— / <—#) dl’ =
/ejl (Aj—l ) ANAY

J

1 \? —1\? 1 1
/ejl (hj—l) ¢, \ Ny hjioa by Y

J

Q0050 = Qg 1bj411 = /g ¢2j’2(x)¢/€j72 ($)d$ +/g ¢2j+1,1(x)¢/€j+171 (l‘)d$ =
J j+1

be., ) 2 / ( be. 2
= 2= dx+ — ) dr =
/@" ( A] Zj+1 A]"i‘l

J

[ | (-t
= — | dz T=-—+ —— =aj1
o, \Nj 1 \Pjp1 hj ' hj T

J

by, | by. 11
B B , ’ o 1 b2 _ = —
a’éj,lej,Q — agjgg].,l — A qsgj,l(x)qbéjﬂz ({L’)dl' — /Z; AJJ A;]dl‘ — A h] hj dx ==
1
= T T Wi T GGy
J
hjfl hj
9510 = G0, = f ()¢, ()2 + p 9(@) e, (@)de = It 7o - Iy
i—1 g

h; Ry
10 = 00 = | 9@0na@+ [ o@hon (@) = 905 + 075
J J+1

where we used the “barycentric” approximation

[ s@on e < LA [ ar=g, B )

This type of approximation is also used in the nonlinear case

/z]-g@(@w@,xwdx o L)+ o) by

Hence, the assembly is done by
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quadrature.m

0 .
10! 107 10°

Figure 1.4: Maximum error over ¢ = 2,3,...,m — 1 between fol g(x)p;(z)dx

and the trapezoidal and the barycentric formula, for g(z) = |z —1/2|%/2 (left)
and g(x) = |z — 1/2|"/? (right).

.al]:O’]'SZ?.]Sm)gz:O,lSZSm
o FORj=1,...,1

FOR k =1,2

_ 1 — hy
afj’kijk - a@jykfj,k + h_j’ g@j,k - gijk + g@j 2
FOR i =Fk+1,2

— _ 1
@ty ity = U nti ~
Qgj 50 = Al pt;

END
END

END

The i-th row of the linear system turns out to be

1 1 1 _1 A~ | | 94 1 hi—1tge;hi
0 0 == (Gh+d) o o] a g Piitonle

very similar to the discretization with finite differences with constant step
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size. Moreover, if we consider the trapezoidal rule with three points

/01 g(w)ps(w)dr = /:jl o(2)bi()dz ~

hi—1 h;

o o) + Bgta ot = B g

then the two formulations are equivalent. The stiffness matrix is symmetric,
but imposing Dirichlet boundary conditions destroys its symmetry. An alter-
native (numerical) method (called penalty method) is to put a large number
on the diagonal elements of the rows corresponding to Dirichlet nodes and
modifying consequently the right hand side. For Poisson’s problem, there is
an interesting interpolation property:

Theorem 4. If

i) =Y d¢i(x), w=[i,... 1"
j=1
is the weak solution of

1 1
/ o (z)v(x)de = / g(z)v(x)dx
0 0
where {¢;(x)}; are the hat functions, then
Proof. The i-th (inner) row of Aw is

N A U u; U U;
Sy [ foien = - (G4 ) - B
y Ti—1

Jj=1 -

and it equals

1
| sty
0
On the other hand,

/ (@)éia)dz = / i (2)0l(a)d

and

1 Z; 1 Ti41 1
/ o (z)@l(x)de = / u' () —dz — / U (z)—dr =
0 Ti_1 hZ*l T h’l

2

u(z;) —u(zioy) (i) — ulw)

hi—q hi
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that is, w and [u(z;),...,u(z,,)]T satisfy the same (positive definite) linear
system. ]

éJ\l 1”./.2

Figure 1.5: Two-dimensional mesh.

The construction in the two-dimensional case is not much different.
First of all, we consider the basis function ¢, , which has value 1 on node

l;r and 0 on nodes ¢;,, h € {1,2,3}, h # k of the triangle ¢;. It has the
form

k
S 1 1 1 1 1 1
be, (T, y) = A =\we,, T Ty, /) |Te, T, Teg,
/ Y0 Y Yus| (Y. Yo Yo

where A; is the area (with sign) of triangle £;. We need to compute

/ a(béch (12, y) a¢€j,h (13, y) + a¢€j,k (13, y) a(bfj,h (1:7 y)
p ox ox dy dy

)dmdy, h,k=1,2,3

J

for the stiffness matrix (and also derivatives with respect to y) and

/ 9(z,y) e, (x,y)drdy

7
for the right hand side. We have

/ a¢€j,k(x7 y) a¢[j,h(x7 y) d.fdy _ / beﬂbeﬂd d sz,kbej»h
l

/ adsfj’k(x) y) 8¢fj,h(x7 y) dIdy _ / %@ﬂdxdy _ Ct; 1 Cty
, dy dy ¢, 20, 24, 41A|

J
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and

J

3
| oteta s = 53 otwvn) | duale sy =
= 9@%
The algorithm for the assembly is
©q; =0,1<4,7<m,g=0,1<i<m
e FOR j=1,...,1
FOR k=1,...,3

b[. bg. Cp.,Cyp. |A|
— J.k "4k J.k "4k — J
At i = Oty it T 4[A5] aa; 0 94k = 9tk + 94,3

FORi=k+1,...,3

be., by, . Co. ., Cp. .
— J.k g, J.k gyt
At ity = Ot + 4[A5] + 44|

At 50 = Alj gt
END

END
END
Theorem 5. Let be given the variational problem
a(u,v) = F(v), YveV

where u: 0 — R, Q polygonal, is the solution and u its approximation by
finite elements of degree r > 0. Then, under weak assumptions on the requ-
larity of the mesh,

o ifuc H Q)
N M_ .,
|t —ul| g < —Ch"|u|gr+
o
o if u e HP™(Q) for some p > 0
o — ul|z2 < Ch¥ M u|gstr, s = min{r,p}

where h is the largest diameter of the elements and

e = Y /|D“u|2dQ
Q

|o|=541
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Observe that for r = p = 1, we have the same order two of central finite
difference. The requested regularity for u is much less (for finite differences
u € C* is required), but the error estimate is in L? norm. Moreover, F(v)
(that is the terms [ g¢y, ) is assumed to be computed exactly or with suffi-
cient accuracy. This may be not the case if g is not regular enough and the
quadrature formula (1.5) is used (see Figure 1.6).

107t T
femld.m e 1 B
. error in L2 norm (exact rhs) Q

fdlid.m

Figure 1.6: Error in the solution of (1.1) by FEM (top) and second order
central FD (bottom), with g(z) proportional to |z — 1/2|°/? (left) and to
|z — 1/2|'/? (right), respectively.

Mesh generation

Let us consider the two-dimensional domain. Given a set of distinct points,
there exists a “unique” Delaunay triangulation. It means that the disk cir-
cumscribed to each triangle does not properly contain any point. Among all
the triangulations, it maximizes the minimum angle of the triangles (it is
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important for convergence). In fact, the weak assumption for the mesh is

D,

— <94, VY

Pe;
where py; is the diameter of the disk inscribed into the triangle. In this case,
the mesh is said regular. Moreover, the parameter § enters in the constant
C of the theorem above.

Linear systems

Since the arising matrices are sparse, usually Krylov methods (semi-iterative)
are used for the linear systems, like the conjugate gradient method (for the
symmetric positive definite case): given (M, () = b — Az and pM) = r),
the algorithm to compute z(*1) is

MOEM0
= —w——
P 0T 4p0
2D = 20 4 qp®
rtH) — 2O o, Ap® (1.6)
T(Hl)TT(Hl)
6[4—1 - T(l)Tr(l)

pt+D = p(+D) 4 g 0

The exit criterion is based on the norm of Y. We notice that the algorithm
does not require to know the matrix A, but just how to perform a matrix-
vector product Av. Consider, for instance, the following diffusion-reaction
problem

—Au+u® on

with appropriate boundary conditions. The Galerkin method form is
ou 5
Q r on Q
We have to solve F(u) = 0 and Newton’s method can be applied:

Jp(u(r))é(”l) — —F(u(”)

In order to solve this linear system with the conjugate gradient method it is
enough to be able to compute the i-th component of Jp(u(™)v, that is

/ Vo - V,dQ — / @¢idr+ / 2u M v
Q ron Q
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Instead of solving a linear system
Ax =10
one can try to find a matrix P (symmetric and positive definite) such that
P Az =P

is “easier” to solve (meaning less iterations). Notice that it is not possible
to apply the conjugate gradient method to the problem above, since P~1A
is not symmetric. Instead, one has to consider,

(RFTAR Yy =R, y=Rx

where P = RTR. The application (and a rearrangement) of the conjugate
gradient method writes

FORM0!
pOT Ap®)
2D Z 50 4 g0
P 0 _ o Ap®
P+ — (1)

o) =

Z(I—H)TT(H-I)
P = LT

pD = D) g 50

where Pz() = () The following estimate for the error

2c
©) _2 .
eOa < g lle®]

+

eondy(P~1A) — 1
c= VR 2 ) o lvlla = vt Av
eondy(P~1A) + 1

It is clear that the more ¢ is small (that is, the more condy(P~tA) is close
to 1), the better is. Notice that there is an addition linear system Pz(+!) =
r*1) to solve which is in general easy, since P = RTR and R is triangular.
Also in this case, it is not strictly necessary to know the matrix P, but it is
enough to know the result of P! applied to a vector. The choice minimizing
the number of iterations is, of course, if P = A, but P has also to be “easy
to invert”. In practice, because of the bad scaling of the matrix due to the

holds, where
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penalty method, it is always necessary to use a preconditioned. A simple
choice is P = diag(A) and a more effective choice is the incomplete Cholesky
factorization with no fill-in of A. That is, P = RTR ~ A where

(A= R'R); =0 ifa; #0

fij = 0 If aij = 0
The incomplete factorization is chosen because for a sparse matrix A, its

complete factors are generally not sparse. We report here the algorithm for
the general incomplete LU factorization with no fill-in:

function [L,U] = luinckij(A)
% Incomplete LU with no fill-in, kij variant, no pivoting
m = length(A);
for k = 1:m-1
for i = k+1:m
if (A(i,k) "= 0)
A(i,k) = A(i,k) / A(k,k);
for j = k+l:m
if (A(4,3) "= 0)
A(i,j) = A(i,j) - A(Q,k) * A(k,j);
end
end
end
end
end
U = triu(d);
L = tril(A,-1) + speye(m);

If we remove the two if clauses, it is a complete LU factorization. Usually, for
a row-contiguous data structure (such as C), the ikj-variant is used and for
column-contiguous data structure (such as Fortran, Matlab, Octave) the jki-
variant is used, which minimizes memory accesses. The incomplete Cholesky
factorization can be obtained from the incomplete LU by scaling the rows of
U by the square root of the diagonal

R = diag(sqrt(diag(U))) \ U

In general, the incomplete factorization with no fill-in is not used: instead,
a certain fill-level is allowed, in order to have LU closer to A. From these
two examples, it appears clear that the more the bandwidth of A is small,
the better is. The bandwidth depends only on the topology of the mesh.
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Since usually the mesh points are given and the triangulation is unique, the
bandwidth essentially depends only on the numbering of the points. There
are algorithms, such as the symmetric reverse Cuthill-McKee one, which
heuristically minimize the bandwidth of a matrix.

For non-symmetric problems, the conjugate gradient method has to be
extended to the bi-conjugate gradient method. Another possible choice is
GMRES. As preconditioner, one can consider the incomplete LU factoriza-
tion.

1.4.2 Evolution problems and mass matrix

For the heat equation

Ot 20) = Ault,ay) (,9) €O
u(0,z,y) = uo(z, y) (z,y) € Q2

+boundary conditions

the procedure is almost the same, considering the approximation
m
u(t,z,y) = Y wi(t)e;(x,y)
j=1

The weak formulation leads to the computation of

1850
=oifk=h
. 5 ; ) d d = 6'
/gj ébfj,k(m y)gbej,h(x y> ray {'?—27 if k#£h
We notice that in the one-dimensional case it is
hi .
< ifk=nh
(). () =< 2
/zj Ge,, ()P, (1) {%ﬂ itk #h

The FEM approximation is then
Pu'(t) = —Aul(t)

where P is the mass matriz (symmetric and positive definite). At this point
a method for systems of ODEs can be applied, such as the #-method

Putl — Pyt — —At(l _ Q)Au” — Ath AU
(P + AtOA)u" = (P — At(1 - 0))u"
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Due to the presence of the mass matrix, even explicit methods (such as

Euler’s) requires the solution of linear systems. This is not a real drawback,

since usually for the stiff heat equations explicit methods are not a choice.
About exponential methods, they require to compute P~! as well

u" = exp(AtP T A)u"

A solution to avoid the possible expensive computation of P~ A is to replace
P with the mass-lumped diagonal matrix P, which contains in the diagonal
element of each row the sum of all the elements of the row. Its usage does
not compromise the order or the accuracy of the method, since it is the result
of 1A,
=Lifk=nh

\/éj ¢£j,k(x7y)¢£j,h(x’y)dxdy ~ {03 if 7§ h
whenever the trapezoidal formula is used to approximate the integrals. The
trapezoidal formula does not introduce an error greater than the error already
done by using linear basis functions.
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